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Abstract
The peg in hole problem has been thoroughly studied in literature as a simple model
to analyze assembly scenarios. Due to advances in robotic hardware and research
on robots which are safe to humans, many of the models present in literature don’t
apply anymore or present poor approximations for modern robots with impedance
controllers. In the following work the problem of a peg-in-hole insertion with a
impedance controlled robot will be tackled, and simple rules to choose optimal
Cartesian stiffnesses are presented. The same rules are then applied to solve the
problem of optimizing stiffnesses for a VSA robot with decoupled joints, where a
diagonal joint stiffness matrix corresponds to a Cartesian stiffness matrix at the end
effector which in general cannot be arbitrarily chosen. A method to select the joint
stiffnesses is proposed that tries to reproduce the geometric features of a desired
Cartesian stiffness; then, an optimal joint stiffness preset is obtained that minimizes
the chance of jamming during insertion: the results from the former approach are
compared to those obtained with the optimal joint stiffness by using a robot with
decoupled joint stiffness control. Lastly, results of a bimanual insertion using a
humanoid VSA torso are proposed.
1

1 Introduction
1.1 Overview
While robots were initially used in elementary and repetitive tasks, the technological
development of recent years are bringing robots to interaction with complex objects
and environment whose measurements have a significative level of uncertainty, and,
more importantly, with people. The more bulky a robot is, the more it can carry on
tasks on par with humans, or for which the human strength alone is not enough, the
more fundamental it is to keep in consideration the hazards for the users posed by
the possible high forces and high velocities that the robot can produce along its own
trajectory during motion. Once just science fiction, we are starting to think about
Asimov’s laws of robotics, the three laws of Human-Robot-Interaction, or HRI
1. A robot may not injure a human being to, through inaction, allow a human
being to come to harm
2. A robot must obey orders given it by human beings except where such orders
would conflict with the First Law
3. A robot must protect its own existence as long as such protection does not
conflict with the First or Second Law
In particular, we are starting to think about the first law [Had07].
Even though robotics developed steadily in the last twenty years, there are many
areas where it is still lacking. Service robotics is mainly a sci-fi topic, even if we are
getting closer. But even in industrial robotics, where the field first flourished in the
eighties, humans are necessary for a quantity of tasks were automation is still not
economical, or where robots lack the necessary flexibility or dexterity to perform as
well as their human counterpart.
Another aspect where robots still lack in the industrial field is safety. Industrial
robots are bulky and dangerous, and robots able to accomplish tasks which would
require cooperation between man and robot, like the Kuka Lightweit Robot (LWR)
or the recently publicly unveiled Rethink Robotics Baxter, are just gaining momen-
tum. Normatives regulate maximum speed at which robots can move, after which
they must be safely placed inside fences to avoid harming humans. Research is
moving forward in all these topics.
First, by trying to quantitatively measure the actual danger a robot poses to a
human, in order to have more specific regulamentations which could benefit both
3
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the industrial and service robotics sectors. Secondly, by developing new robots that
can implement better control techniques, or that can be intrinsecally more safe.
One example for the first of these two different approaches is the Kuka LWR, Fig. 1.2,
which implements an Impedance Control technique and tries to be as light as possible
to maintain passive compliance to a certain degree. In fact, as fast as a controller
can go, it is not technically possible to implement a perfect impedance controller,
since even a very fast controller can never react fast enough as to mimic a true mass-
spring-damper system during impact. Obviously also actuators pose a problem since
the bigger mass requires bigger motors needed to stop it in a small time interval,
which in turn increase the robot mass, unless smart design techniques are used (i.e.,
tendons).
A natural evolution of soft robotics is present in VSA robots, Fig. 1.1, where the
actuation and trasmission allow for intrisic compliance during motion. There are
also examples, like the DLR Hand Arm System, where the best of both worlds is
merged into a robot, where a VSA robot is controlled using Impedance Control so as
to obtain an ideal compliant behaviour, while minimizing the control effort needed
to make it behave like so. While these make for new and exciting research fields
and represent the future of robotics, these technologies are still not making a great
impact into industrial robotics. For assembly tasks, for example, there are still in use
ad-hoc designed solutions, like the Remote Center Compliance (RCC), a mechanical
device first developed during the eighties, basically composed of elastic elements (like
shear pads) that gets attached to the robot tip, which can be designed to implement
a specific compliant behavior needed to best perform a certain task. Robots like the
LWR are nearer to this goal, while VSA robots are still trying to find their place
into industrial robotics. Suffice to think how Impedance Control schemes, like the
one implemented on the LWR allow to specify a behavior corresponding to an ideal
software RCC, which in turns allows to exploit the years of experience built around
the technology, while for the VSA in general there is no such thing as a RCC. Even in
the the case of a perfect Cartesian impedance control, the new technology still opens
some questions and new possibilities that go beyond the simple imitation of the RCC
principle. The following work is a product of the collaboration between the Centro
Interdipartimentale E.Piaggio, in Pisa, together with the Robotik und Mechatronik
department at DLR in Oberpfaffenhofen. An assembly task will be performed with
the LWR and with the VSA humanoid robot, and the stiffness parameters for the
tasks will be selected both in Cartesian and joint space in a optimal way according
to the task. Experimental results will be provided.
1.2 Assembly Tasks
Industrial assembly is one of the greatest sectors where automation and robotics find
their place. As such, it is from many years a research topic in robotics, as well as a
big economic driver for robotics in general. In turn, assembly is a wide research topic
4
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Figure 1.1: VSA Robot CubeBot
Figure 1.2: Kuka LWR III
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that ranges from planning, to control, to mechatronics. One of the most studied
assembly tasks is the peg in hole task, which has been modeled in literature both
according to a quasi-static (inertias are not taken into account) analysis [Whi] as
well as dynamic analysis [AK88, DZHH03], both in a 2D case (such as a round peg-
in-hole insertion, which can be seen as a two dimensional insertion because of the
radial symmetry) as well as 3D insertion tasks [Stu88] of parts with complex shapes
[Str89].
1.3 The Compliance Zone and The RCC
In robotics, a Remote Center of Compliance or RCC (Fig. 1.3, Fig. 1.4) is a me-
chanical device that facilitates automated assembly by preventing peg-like objects
from jamming when they are inserted into a hole with tight clearance. In a simple
design without an RCC, a robot might pick up a peg with its gripper, center the
peg over the hole and then push the peg along the axis of the hole. If the peg is
perfectly aligned and centered, it would then slide into the hole. However if the
peg’s alignment or centering is slightly off, the peg contacts one side of the hole first
and the peg’s tip experiences a lateral force. As the robot’s gripper is not perfectly
stiff, the peg will tend to rotate about an axis in the plane of the gripper’s fingers,
called the center of compliance. Such a rotation further misaligns the peg, increas-
ing the lateral force and causing more rotation, resulting in a jam that prevents the
insertion from being completed.
One important result coming from Whitney [Whi] is a quasi-static assembly analy-
sis, where the task is divided into a chamfer cross phase, a one point contact phase
and then a two point contact phase. The most important assembly problems emerge
in the two points contact phase, where both wedging and jamming can occur. The
analysis is evaluated when using an RCC to execute the task. The RCC is a me-
chanical device where the peg grip is designed so to provide a compliance which is
beneficial to the insertion. With the RCC, the forces generated by any misalignment
move the peg in a way that corrects the problem, rather than exacerbate it. The
RCC allows for insertions where tolerances are lower than the position accuracy of
the robot and allow for simpler robots. The RCC are designed ad-hoc, and the
design of the compliances for the insertion task is often an art rather than a science.
The idea behind the RCC design is to create a mechanism which can give a desired
position to the Center of Compliance, that is the point in space where the carte-
sian compliance (and stiffness) matrix is diagonal. The diagonality condition means
that forces applied to the peg passing through the Center of Compliance cause just
lateral displacements, and moments around the center cause angular displacements.
Designing an RCC means placing the Center of Compliance in a point far from the
grip point, and possibly near the tip of the peg. Once the center of compliance is
placed, the 6 stiffness parameters of the cartesian impedance matrix must be chosen
accordingly. Usually RCC devices are comprised of a lock mechanism that disable
6
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Figure 1.3: Remote Center Compliance
the compliance mechanism (effectively obtaining “high stiffness” during the initial
placement of the peg) during high speed movements; during the years various mod-
ifications and enhancement of the RCC principle have been developed. One notable
example is the Dynamic Hand by Asada et al., or DRCC [AK88], where the RCC is
designed after a dynamic analysis of the insertion is been done, and is designed to
absorb impacts during the first chamfer contact, allowing for fasted insertion speeds.
Other notable example is the the Variable RCC (VRCC) [JM98] which is designed
to vary the location of the center of compliance during assembly.
1.3.1 Withney Wedging and Compliance Area
In the quasi-static analysis of Whitney, [WN79], wedging is defined by a situation
where the two friction cones contain the opposite contact point, supporting the peg
and contrasting every possible force imposed, Fig. 1.5. Wedging during assembly
can result in damaged pieces, and the only solution possible to wedging is to remove
the peg and try again with another insertion. Anti-wedging conditions are easily
derivable considering the geometry of the assembly task, and an area can be de-
fined where initial lateral ε0 and angular θ0 displacements can lay without causing
7
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Figure 1.4: Remote Center Compliance during insertion
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Figure 1.5: Friction cones at two point contact
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Figure 1.6: Wedging Area
wedging. The Fig. 1.6 shows the wedging area, where
σ = D − d
D
(1.1)
and W is the width of the chamfer, so to cross the chamfer and enter into the hole
we need that
|ε0| < W (1.2)
The approximate no-wedging condition on the angle is
|θ0| < σ
µ
(1.3)
and S determines the inclination of the upper and lower boundary of the wedging
area: S depends on the position of the RCC, and gets bigger the more distant the
RCC gets from the tip of the peg. The area is a parallelogram in the space of the
displacements, but when the RCC is placed at the tip of the peg, the area becomes
a square.
The approximate wobble angle is defined as
θwob =
σD
z
(1.4)
where z is the insertion depth. The wobble angle is the maximum angular displace-
ment between the axis of the hole and the peg axis at every depth inside the hole.
The maximum value of θ above which the peg cannot even enter in the hole, as
defined in[Whi04] is
θmax =
√
σD (1.5)
and represents the wobble angle at at the mouth of the hole.
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Jamming can occur during two point contact when the direction of the insertion
force is not aligned with the hole axis. The compliance area is defined as a zone
where insertion forces can lay without causing jamming during two point contact,
as seen in Fig. 1.8. While the 3D compliance area from Sturges in Fig. 1.10 does
not correspond to the 2D case when projected along an axis, using its fundamen-
tals equations it is possible to obtain elegantly the same relations that define the
compliance are in Whitney’s quasi-static analysis. Under the assumption that the
tilt angle is negligible, and that the insertion depth z is short enough to permit the
misapplication of the forces and put the peg in a jamming situation, being r is the
peg radius and given the adimensional insertion measure λ = z2µr , with reference to
the coordinate system in Fig. 1.7 we can write the force and moment balance in the
z (insertion) direction as follows
y
z
F
F
z
{S  }
yp
zp
b
b
b
r
R
Mxp
{S  }p
P2
P1
f 2
f 1
n
2
n
1
Figure 1.7: Whitney force analysis
Fzp = µ(f1 + f2) (1.6)
where f1 and f2 are the forces acting on P1 and P2, and the moment about the x axis
is
Mxp = (n1 − n2) r + f1z (1.7)
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Substituting the normal forces acting on P1 and P2 in 1.7
n1 = µf1
n2 = µf2
(1.8)
the ratio between 1.7 multiplied by r and 1.6 yields
Mxp
Fzpr
= f1z + (f1 − f2)rµ(f1 + f2)rµ (1.9)
The force balance along the y axis is
Fyp = f2 − f1 (1.10)
so that the ratio between Fyp and Fzp is
Fyp
Fzp
(λ+ 1)µ = f2 − f2
f1+f2
(λ+ 1)µ (1.11)
If we sum1.9 with 1.11 we find
Mxp
Fzpr
+ Fyp
Fzp
(λ+ 1)µ = λ (1.12)
that is the upper bound line that limits the Whitney area. Doing the same compu-
tation for the peg tilted with an opposite angle we find that
− Mxp
Fzpr
− Fyp
Fzp
(λ+ 1)µ = λ (1.13)
The upper limit 1.12 and lower limit 1.13 identify the space
∣∣∣∣∣MxpFzpr + FypFzp (λ+ 1)µ
∣∣∣∣∣ < λ (1.14)
that together with the condition ∣∣∣∣∣FypFzp
∣∣∣∣∣ < 1µ (1.15)
which is valid during the one point contact phase (the peg can slide into the hole only
winning the friction forces) we finally find the compliance Whitney area, plotted in
Fig. 1.8. Proceeding under the assumptions that the process is quasi-static, that the
parts are quasi-rigid, and that the contact forces behave according to Coulomb’s
friction laws, the equilibrium between applied forces and reaction forces for different
configurations yields the conditions on the applied forces that guarantee that the
parts will slide. In essence, these sliding conditions state that the ratio between
applied lateral and axial forces and the ratio between applied moment and axial
11
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force multiplied by the radius of the hole has to fall inside the region defined by
the four lines in the figure. The parameter λ that determines the distance between
the lines 1 and 2 and therefore the size of the sliding region is a non-dimensional
measure of the penetration of the peg into the hole [Sim79]. Despite the fact that
in recent literature an exact (and slightly more restrictive) jamming condition has
been given in[CS03] that analyzes exactly the chamferless peg in hole problem, we
decided to use the Withney compliance area for its elegance and simplicity.
TWO-POINT
CONTACT
TWO-POINT
CONTACT
ONE-POINT
CONTACT
ONE-POINT
CONTACT
M
xp
rFzp
Fyp
Fzp1
μ
1
μ
2λ+1
−2λ+1
+λ
−λ
-
1
-1
Figure 1.8: Whitney Compliance Area
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1.3.2 Sturges Compliance Area
Figure 1.9: Contact normals for square peg in hole
To understand the jamming condition in 3D space, Fig. 1.9 can be studied. Here
four forces act horizontally, f1 and f4 at the tip of the peg and f2 and f3 at the
mouth of the hole. Under the same assumptions as the analysis for the 2D case,
with r being the distance from the center of the peg to either edges, we can write
the force and moment balance in the z (insertion) direction.
Mzp = r(f1 + f2 + f3 + f4) (1.16)
Fzp = µ(f1 + f2 + f3 + f4) (1.17)
from which we can see
Mzp
Fzpr
= 1
µ
(1.18)
The force and moment balance in the x direction is
Fxp = f1 − f3 (1.19)
Mxp = (f1 − f2 − f3 + f4)µr − f2z (1.20)
while in the y direction we can write
Fyp = f2 − f4 (1.21)
13
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Myp = (f1 + f2 − f3 − f4)µr − f3z (1.22)
Eliminating fs from 1.17, 1.19 through 1.10 yields
Mxp +Myp
Fzpr
= Fyp
Fzp
µ(λ+ 2)− Fxp
Fzp
µλ− λ (1.23)
1.23 represents a plane in the space defined by three force ratios. Like the two di-
mensional jamming diagram Fig. 1.8, the plane which bounds the three dimensional
jamming space intersects the “moment” axis at −λ. Since Fig. 1.9 represents the
peg in one of four possible rotationally symmetric attitudes there will be a similar
relation to 1.23 which takes into account the 90° rotated case. Rotating the peg
about the hole z axis of 180° and repeating the same analysis as before yields a
plane parallel to 1.23 which intersect the “moment” axis at +λ. The space between
the two planes is identified by the inequality∣∣∣∣∣Mxp +MypFzpr − FypFzpµ(λ+ 2) + FxpFzpµλ
∣∣∣∣∣ < λ (1.24)
that together with the one point contact sliding condition∣∣∣∣∣∣
√
F 2xp + F 2yp
Fzp
∣∣∣∣∣∣ < 1µ (1.25)
yields the 3D compliance volume (Fig. 1.10).
Figure 1.10: Sturges Compliance Area
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Looking at 1.23 we would expect that when Myp = 0 and Fxp = 0, 1.23 would agree
with the Whitney 2D equation. The reality is that the 2D problem and the 3D
problem are geometrically different. In fact simply setting Myp and Fxp to 0 would
produce a different result than the one obtained in the previous 2D analysis.
1.4 Interaction Control
Control of the physical interaction between a robot manipulator and the environment
is crucial for the successful execution of a number of practical tasks where the robot
end-effector has to manipulate an object or perform some operation on a surface
[SK08].
During contact, the environment may set constraints on the geometric paths that
can be followed by the end-effector. Either when in contact with a stiff surface
(constrained motion) or when the contact task is characterized by a dynamic inter-
action between the robot and the environment that can be inertial (as in pushing a
block), dissipative (as in sliding on a surface with friction) or elastic (as in pushing
against an elastically compliant wall), the use of a pure motion control strategy for
controlling interaction is prone to failure.
Successful execution of an interaction task with the environment by using motion
control could be obtained only if the task were accurately planned, which in turn
would require an accurate model of both the robot manipulator and the environment
In practice, the planning errors may give rise to a contact force and moment, causing
a deviation of the end-effector from the desired trajectory. The control system
reacting to reduce such deviations ultimately leads to a build-up of the contact
force until saturation of the joint actuators is reached or breakage of the parts in
contact occurs. This drawback can be overcome if a compliant behavior is ensured
during the interaction. This compliant behavior can be achieved either in a passive
or in an active fashion.
Active interaction control strategies can be grouped into two categories: those
performing indirect force control and those performing direct force control. The
main difference between the two categories is that the former achieve force con-
trol via motion control, without explicit closure of a force feedback loop; the latter
intstead offers the possibility of controlling the contact force and moment to a de-
sired value, thanks to the closure of a force feedback loop. To the first category
belongs impedance control (or admittance control), where the deviation of the end-
effector motion from the desired motion due to the interaction with the environment
is related to the contact force through a mechanical impedance/admittance with ad-
justable parameters. A robot manipulator under impedance (or admittance) control
is described by an equivalent mass–spring–damper system with adjustable param-
eters. This relationship is an impedance if the robot control reacts to the motion
deviation by generating forces, while it corresponds to an admittance if the robot
15
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control reacts to interaction forces by imposing a deviation from the desired mo-
tion. Special cases of impedance and admittance control are stiffness control and
compliance control, respectively, where only the static relationship between the end-
effector position and orientation deviation from the desired motion and the contact
force and moment is considered.
Differently from indirect force control, direct force control requires an explicit model
of the interaction task. In fact, the user has to specify the desired motion and the de-
sired contact force and moment in a consistent way with respect to the constraints
imposed by the environment. A widely adopted strategy belonging to this cate-
gory is hybrid force/motion control, which aims at controlling the motion along the
unconstrained task directions and force (and moment) along the constrained task
directions.
1.4.1 Impedance Control
Figure 1.11: Impedance control scheme
The possibility to impose a dynamic behavior to the interaction between theEE and
the environment through impedance control has been proposed first in [Hog84]. We
can write the robot dynamics and kinematics equations as usual as
B(q)q¨ + S(q, q˙)q˙ + g(q) = u+ JT (q)F (1.26)(
p˙
ω
)
= J(q)q˙ (1.27)
where B(q) is the inertia matrix, q are the configuration variables, S(q, q˙) is the
Coriolis matrix, q˙ are the joints velocities, g(q) is the gravity vector, u are the
commanded torques, J(q) is the Jacobian matrix, F are the generalized Cartesian
16
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forces, p˙ are the linear velocities and ω are the angular velocities. Then using the
analytic Jacobian Ja(q), where f(q) express the robot direct kinematics
Ja(q) =
df(q)
dq
= Ta(Φ)J(q) (1.28)
we have
x˙ = Ja(q)q˙, x˙ =
(
p˙
φ˙
)
(1.29)
where φ˙ are the derivatives of the Euler angles expressing the EE orientation and
and x˙ are the Cartesian velocity of the EE.
Substituting Ja(q)
B(q)q¨ + S(q, q˙)q˙ + g(q) = u+ JTa (q)Fa (1.30)
with Fa = T−Ta (Φ)F . The the dynamic model in Cartesian coordinates becomes
Bx(q)x¨+ Sx(q, q˙)x˙+ gx(q) = J−Ta (q)u+ Fa (1.31)
with
Bx(q) = J−Ta (q)B(q)J−1a (q) (1.32)
Sx(q, q˙) = J−Ta (q)S(q, q˙)J−1a (q)−Bx(q)J˙a(q, q˙)J−1a (q) (1.33)
gx(q) = J−Ta (q)g(q) (1.34)
Now the control law can be designed in two steps:
1. Feedback Linearization in Cartesian Space
u = JTa (q) [Bx(q)a+ Sx(q, q˙)x˙+ gx(q)− Fa] (1.35)
2. Imposition of dynamic impedance model
Bm(x¨− x¨d) +Dm(x˙− x˙d) +Km(x− xd) = Fa (1.36)
realized by choosing
a = x¨d +B−1m [Dm(x˙d − x˙) +Km(xd − x) + Fa] (1.37)
where xd is the desired trajectory and Bm is the desired inertia, Dm is the desired
damping and Km is the desired stiffness matrix. Bm, Dm, Km are commonly chosen
as diagonal matrix. A classical way to chose the impedance parameter is to set an
high stiffness during the motion control, and a soft stiffness during contact, or when
a contact is expected, in order to avoid high contact/impact forces. It is possible to
see the impedance control scheme in Fig. 1.11.
17
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1.4.2 Hybrid Position/Force Control
When the robot trajectory can be decomposed along two separate directions, one in
which free motion is possible and another one along which the robot is in contact
with the environment, it is possible to implement a Hybrid Potition/Force Control
following the basic ideas that we should have:
1. position control along the direction in which a natural force constraint exists
2. force control along directions in which a natural position constraint exists
3. a scheme to implement the arbitrary mixing of these modes along orthogonal
degrees of freedom of an arbitrary frame.
Hence the first is the parametrization of the hybrid tasks
(
p˙
ω
)
= T (s)s˙(
F
M
)
= Y (s)λ
(1.38)
whereM are the moments in Cartesian Frame and ω are the angular velocities, with
s ∈ Rk parameterizing the end-effector free motion and λ ∈ RM−k parameterizing
the contact forces/torques. The generalized directions of the task frame depend in
general on s. The equation
T (s)TY (s) = 0 (1.39)
shows how contact forces/torques do not perform work on end-effector displace-
ments. Starting from the robot dynamics
B(q)q¨ + S(q, q˙)q˙ + g(q) = u+ JT (q)F (1.40)
and kinematics (
p˙
ω
)
= J(q)q˙ (1.41)
the control objective is to impose the desired evolution to the s parameters of motion
and λ parameters of force, sd and λd. Like in the Impedance Control, the control
law is designed in two steps:
1. exact linearization and decoupling in the task frame by feedback(
s¨
λ
)
=
(
as
aλ
)
(1.42)
2. Design of as and aλ so as to impose the desired dynamic behavior to errors
es = sd − s and eλ = λd − λ.
J(q)q˙ = T (s)s˙ (1.43)
18
1.5 Passive Compliance: VSA Robots
Deriving
J(q)q¨ + J˙(q)q˙ = T (s)s¨+ T˙ (s)s˙ (1.44)
Now is possible to substitute 1.44 and 1.38 into 1.40 so that
Γ =
[
B(q)J−1(q)T (s) −JT (q)Y (s)
]
Γ
(
s¨
λ
)
+B(q)J−1(q)(T˙ (s)s˙− J˙(q)q˙) + S(q, q˙)q˙ + g(q) = u (1.45)
Substituting 1.42 into 1.45...
Γ
(
as
aλ
)
+B(q)J−1(q)(T˙ (s)s˙− J˙(q)q˙) + S(q, q˙)q˙ + g(q) = u (1.46)
We can stabilize the control with a simple linear control tecnique
as = s¨+KD(s˙d − s) +Kp(sd − s) (1.47)
and
aλ = λd +KI
ˆ
(λd − λ)δτ (1.48)
In this way
e¨s +KDe˙s +KP es = 0, es = sd − s (1.49)
and
˙λ +KI  = 0, λ =
ˆ
(λd − λ)δτ (1.50)
1.5 Passive Compliance: VSA Robots
It has already been recognized by the research community that VIA permits robots
to achieve higher performance in terms of energy efficiency [OBN02, VVH+06], speed
[GPB+11, GBS+12, HWWAS11, BH], robustness [ASEG+08] and task adaptability
[MGC+12]. VIA robots outshine conventional robots with unparalleled human-like
grace and dexterity as has been demonstrated by recent works that exploit VIA
characteristics on the accomplishment of common human tasks that still present
a challenge for traditional robots. For example, while humans take running and
jumping for granted, these are complex dynamic tasks that can be tackled using
variable stiffness as investigated in [HCR04]. Likewise, grasping is still a popular
research topic that can benefit from variable stiffness [KS11]. Many other specific
and original demonstrations of VIA application were also shown lately: [GBS+12]
and [GPB+11] investigate the use of variable stiffness for speed optimization during
hammering and kicking tasks, respectively; in [MGC+12] a VSA robot is controlled
to hold a pen and draw a circle in an uneven surface; [KS10] shows a VSA playing
darts.
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From the point of view of the user, then main question when using a VSA robot
is how to choose the best joint stiffness for a certain task. In the following pages
the congruence transformation will be introduced, that provides a mapping between
joint stiffness and Cartesian stiffness for an elastic joint robot; it will be also in-
troduced the concept of center of stiffness and compliance, which together with the
center of elasticity, the eigentwists, eigenscrews and eigenstiffness of an elastic sys-
tem are helpful abstractions which provide helpful physical and geometrical insight
during the analysis and synthesis of the elastic properties of a system.
1.5.1 Congruence Transformation
The basic stiffness formulation follows from a generalization of the linear spring re-
lationship f = k∆x to a six-dimensional matrix expression. The Cartesian stiffness
matrix originates from mechanics and statics analysis; for a treatment of its applica-
tion to the field of robotics, [Sal80] gives an introduction to the problem analyzing
the case of infinitesimal displacements
F = KC∆X (1.51)
where ∆X is a generalized displacement from a nominally commanded Cartesian
positionX0 of the EE origin and consists in three orthogonal translation components
and three small rotations about orthogonal axes and F is the wrench applied to the
EE. In general, the relation can be extended to finite displacements introducing a
geometrically consistent Cartesian stiffness matrix.
Introducing the robot Jacobian 0Je in the base frame coordinate system {S0}, the
transformation in 1.52 allows to transform the Jacobian expressed in the frame {S0}
into the Jacobian in the {SEE} frame, using the rotation matrix 0RTe = eR0 which
rotates the reference frame from {S0} to {SEE}
eJe =
[
eR0 03×3
03×3 eR0
]
0Je (1.52)
which is used to transform the Cartesian displacement into joint angle displacement:
we have
δX = eJeδΘ (1.53)
where δΘ = Θ − Θ0 is the difference between the actual joint position and the
commanded position. Under the assumption that the static and dynamic forces are
compensated or small enough to be neglected we can compute the joint torque τ
τ = eJeF (1.54)
Simplifying the notation, we can write eJe = J , and substituting 1.53 in 1.51, and
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finally substituting the result back into1.54 leads to the result
τ = JKCJT δΘ (1.55)
The term
KJ = JKCJT (1.56)
is the joint stiffness matrix and the transformation 1.56 is called Congruence Trans-
formation. This formulation allows to transform the Cartesian stiffness matrix into
a joint stiffness matrix without knowledge of the robot dynamics. Obviously the
dimensions of KJ and KC are the same only when the robot has 6 dof, so KJ ∈ Rn
with n the number of joints and KC ∈ R6.
The result of transforming a generic Cartesian stiffness matrix into joint space re-
sults in a symmetric KJ , though in general not diagonal, meaning that position
error in one joint may affect the commanded torque in different joints, and vice
versa; the joints stiffness are in general highly coupled. This couplings in the joint
stiffness matrix make its realization impossible in robots with serial decoupled joint
stiffnesses, and thus reaching the desired cartesian stiffness matrix KˆC is impossible
in general on a robot with less than 21 dof (as seen in 1.57 a symmetric 6×6 matrix
is uniquely identified by 21 free parameters).
KˆC =

× × × × × ×
+ × × × × ×
+ + × × × ×
+ + + × × ×
+ + + + × ×
+ + + + + ×

(1.57)
Where we can’t find an exact solution in mapping a generic Cartesian stiffness to a
diagonal joint stiffness, we can find a “good” solution by means of a minimization.
Although the conventional formulation of Congruence Transformation is widely used,
it is only valid in the unloaded equilibrium configuration. In fact in all the cases
where external forces are applied, a Conservative Congruence Transformation should
be used as demonstrated by [CK00].
The conservative transformation would then state that
KJ −KG = JKCJT (1.58)
where KG is a term taking into account the external wrench applied at the end
effector and is equal to
KG =
∂JT
∂q
F (1.59)
This result is in line with the rigorous computation of the mapping T that transforms
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Cartesian stiffnesses to joint stiffnesses,
T : KJ = T (KC) (1.60)
which can be obtained by computing
KJ = −∂τ
∂q
= −∂(J(q)
TKC∆X)
∂q
= J(q)TKCJ(q)− ∂J(q)
T
∂q
KC∆X
with KC = ∂F∂X , J(q) =
∂x(q)
∂q
.
1.5.2 Cartesian Stiffness Geometric Features
Several geometric features can be extrapolated from a Cartesian stiffness or compli-
ance matrix. [Lon87] presents the concept of normalized stiffness and compliance
matrices, proposing a coordinate change in the expression of those Cartesian ma-
trices in order to obtain the most decoupled representation, which corresponds to
obtaining a matrix with a symmetrical coupling block. The coordinate change in
general changes the point at which the matrices are expressed, and this point is called
center of compliance, or center of stiffness. In general they are separate points in
space. Taking in consideration 4.1 we can partition the Cartesian compliance matrix
Cc =
[
A B
C D
]
(1.61)
and we wish to bring it in a form where the B block is symmetric. To make CcB
symmetric, we calculate Cc at the center of compliance, where we obtain maximum
decoupling. Defining the vector
ΛC =
(1
2(CcC − C
T
cC)
)V
(1.62)
we can calculate the distance from the point where the compliance matrix is currently
expressed to the center of compliance
dCoC = 2
(
CcD − tr(CcD)I3×3
)−1
ΛC (1.63)
Once we have found the center of compliance (stiffness), we can calculate the com-
pliance (stiffness) at that point, Cˆc, and find a rotation matrix that can make CˆcA,
CˆcB or CˆcC diagonal. Expressing the distance to the center of compliance in matrix
form
dˆCoC =
 0 −dCoCz dCoCydCoCz 0 −dCoCx
−dCoCy dCoCx 0
 (1.64)
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we can find the rotation matrix that makes CˆcC diagonal by calculating its eigen-
vectors, which are orthonormal since CˆcC is symmetric
Cˆc =
[
I −dˆCoC
03×3 I
]T
Cc
[
I −dˆCoC
03×3 I
]
(1.65)
R = eigenvect
(
CˆcC
)
(1.66)
Then the compliance matrix expressed at the center of compliance, with diagonal
coupling block is
C˜c =
[
RT −RT dˆCoC
03×3 RT
]
Cc
[
RT −RT dˆCoC
03×3 RT
]T
(1.67)
Obviously we could have performed the same transformation, but with a different (or
no) rotation matrix, in order to diagonalize the translational or rotational blocks of
the compliance matrix at the center of compliance. The same procedure is applicable
to stiffness matrices, finding the the vector dˆCoS which represents the distance to the
center of stiffness.
1.5.3 VSA position control: the Qboid Control Scheme
Two VSA regulators designs are presented which aim to control link positions to
a desired constant configuration qd. Both controls are pure position controls. The
first scheme has been implemented for the humanoid torso Qboid [CGG+11] for
the insertion tasks described in section sec. 4.3.3. The VSA motors are there used
in their servo configuration, where position and stiffness setpoints can be imposed.
The motor angles are not available to the control.
Joint stiffness is modeled as a linear stiffness, and input torques to the links follow
the simple equation
τm = K(q − θ) (1.68)
where the θ dynamics is implemented according to the Spong model. This allows to
apply a torque control with on-line gravity compensation as seen in [NT91].
u = Kp(θd − θ)−Kdθ˙ + g(qd) (1.69)
where Kp  0 and KD  0 symmetric, diagonal matrices and
θd = qd +K−1g(qd) (1.70)
Under the assumption that stiffness matrix K and proportional gain matrix Kp
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comply with the following condition
λmin(K) := λmin
([
K −K
−K K +Kp
])
> α (1.71)
the control law yields global asymptotic stability of the unique closed-loop equilib-
rium state (q, θ, q˙,θ˙) = (qd, θd, 0, 0). The second control law analyzed is a global PD
type regulator with dynamic gravity cancellation from [DLF10],
u = τg + τ0 (1.72)
where
τg = g(q) +BK−1g¨(q) (1.73)
τ0 = Kp(qd − θ +K−1g(q))−Kd(θ˙ −K−1g˙(q)) (1.74)
under minimal sufficient conditions Kp  0, K  0, KD  0 for global asymptotic
stability. For this control law knowledge of q˙ is necessary. Theoretically the second
control scheme allows for better transient response, but implementation of both
control schemes shows how the first one performs better in presence of position
measurement noise. Since the VSA-Cubes are stiffness-position servos, the control
problem on the real hardware for the first scheme reduces to the computation of θd
desired motor angles for gravity compensation as in 1.70 [SGSB08].
24
2 State of the Art
Literature on insertion tasks is quite huge, and goes back to the late seventies. The
simple peg in hole task is often considered a benchmark task and good candidate for
experiments where new control strategies must be tested with regard to assembly
tasks. Insertions with and without chamfers are present in literature, where the
absence of the chamfer allows to present insertion strategies that maintain a certain
indipendence from the specific task geometry. When a chamfer is present both on
the peg and on the hole, the assembly is roughly equivalent to one where the peg
has no chamfer, but the hole has a chamfer with dimensions equal to the sums of
the chamfer. Chamfers can be designed so to minimize the contact forces during
chamfer cross. Assembly strategies for chamferless designs underline how tilting the
peg is equivalent to performing an assembly task with a chamfered hole.
2.1 Assembly Tasks
Various force control strategies have been developed for the insertion tasks[Ino74].
Force control strategies exist both for the two point contact, the cross chamfer, and
the peg-on-hole problem[BDDS95], that is the general deployment (approach) phase
where the peg searches for the hole and finally tries to enter a two point contact
state without causing wedging.
Non force control strategies rely only on position, speed and accelerations to estimate
the contact state [MFH04].
Since passive compliance or interaction control (of which impedance control is a
popular implementation) is necessary for tight assemblies, the problem of selecting
the right compliance for an insertion task is quite relevant: several papers have been
presented trying to design compliances in an automated fashion [JA95, Pes90], by
imposing limited forces along the insertion directions and the contact normals and
stating that the compliances should cause error corrective behaviors. The C-Space
and C-Surfaces definition by Mason [Mas81] instead allow to decompose the task
in subspaces, where hybrid position-force control schemes can be adopted. The
position force control is adopted along the free movement direction, while the force
control is adopted along the contrained directions. In a way, the impedance control
method is a generalization of this approach, where a relatively high stiffness is used
during the free movement direction (or in general where precise movements are
required) and a low stiffness is used along the directions of contact. One benefit of
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using the impedance control mechanism instead of the force control is the absence
of a switching point during the control (when entering into a contact state the
control scheme has to be switched to implement a force control along the constrained
directions), which is beneficial to the control stability.
A recent approach to automatic assembly comes from the definition of the zones
of attraction, which can be useful during insertion of planar pegs with complex
shapes, and can be extended to non planar shapes [SASH07]. The idea is based
on the identification of zones of the shape where the insertion can start, obtaining
certain contact stability characteristics that cause the insertion to continue to the
desired final assembled state.
2.2 Insertion Parameters Selection
Work from Prokov and Pfeiffer [PP97] show a way to select parameters based
on some optimal criterion, where the stiffness parameters are kept constant dur-
ing the whole insertion task. In [JA95] stiffness is selected by chosing among
“high”,”medium” and “low” values and then synthesizing the Cartesian stiffness
matrix based on the desired corrective behavior to a certain contact force scenario.
In [Pes90] a way to automatically synthesize a stiffness matrix is developed so that
it allows for corrective behavior during assembly, by writing a system of equations
implying two fundamental properties of the stiffness matrix for a certain insertion
scenario: “bounded forces” and “error reduction”. The stiffness matrix is considered
constant during the entirety of the insertion. In [Sur98] a set of stiffness parameters
during the insertion are suggested, specifying three sets of stiffness, one engagement
set, one insertion set and one termination set. During engagement, a medium stiff-
ness along the z direction is suggested, the stiffness in lateral directions must be set
to a value lower than that in the z direction, while the angular stiffness must be set
to a high value. During the insertion, it is suggested that the rotational stiffness
must be set to a low value. During termination, the insertion stiffness must be set
to low. The switching depths from the engagement to insertion, and from insertion
to termination are selected based on the specific insertion. In [KYO00] the stiffness
effects during assembly of a multi-fingered robot hand are analyzed, and a simple
set of rules to position the center of compliance during peg-in-hole and peg-out-hole
tasks are derived. In [KHK+97] a method for insertion of complex shaped objects
is proposed which gives more importance to the RCC location than to the specific
stiffness settings: after determining the contact point during insertion the RCC can
be moved to the estimated contact position to allow for a successful insertion.
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2.3 VSA Assemblies
While VIA robots exceed on performing human-like chores, early VIA studies in-
vestigated industrial scenarios, specifically those where humans and robots must
cooperate. Indeed, variable impedance can be put to good use in order to guarantee
safety in human-robot interaction as first demonstrated by the safe brachistochrone
problem in [BTS04] (a rest to rest position task under a safety constraint in mini-
mum time). Another very recent work shows interest in the use of VIA robots for
industrial duties, more specifically, for a peg-in-hole like assembly task [KKS11]:
the work shows an ingenuous approach to the assembly problem and underlines
the intrinsic performance gain of passive compliance against active impedance con-
trol at high frequencies. Moreover recently a control approach combining the two
paradigms of VSA and active impedance control has been developed [PAS11]. His-
torically the peg-in-hole task has been researched extensively [Whi85], both for
quasi-static and dynamic insertion cases, especially for the second case passive com-
pliances are considered the best solution [DZHH03] to avoid jamming, with classic
passive methods like the RCC and its variants resulting unsuitable for difficult as-
semblies [MFH04]. While compliance control in its forms of simple force control
[Mas81], hybrid position-force control [CR79], active impedance control [Hog84],
passive compliance [AK88], sensorless trajectory search [MFH04] deal mainly with
the assembly insertion problem with the scope of completing faster and faster as-
semblies without jamming and wedging, search strategies for hole localization and
misalignment reductions are also important. Several methods exist to cope with un-
certainties: space search [CB01] and force feedback, reinforcement learning [kY08],
vision [BT96], combined sensing and randomization [Erd90].
Recent developments tried to highlight the intrinsic benefits of VSA actuators for
assembly tasks. The work to be done is still huge, while the implications on en-
ergy saving, dexterity and assembly speeds are still largely unexplored. One main
difficulty of assembly which arises with VSA actuators is the definition of stiffness
variation strategy that are optimal to the task.
Several approaches underline how machine learning can play a role in insertion
tasks [kY08]. Machine learning both can gain from compliance mechanisms, and
at the same time hint at answers about the parameter selection during assemblies.
Also taking inspiration from human strategies through MRI can result in assembly
strategies that take into consideration the stiffness during task execution.
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3 Stiffness Selection during
Assembly
The problem of selecting the ideal stiffness trajectory during an insertion is still an
open question. In general, the stiffness selection problem can be hard to tackle. As
said in chapter 2, the problem can be solved using some optimal criteria depending
on the task, but in literature only results with static stiffnesses are present.
Both the VSA and the impedance control approaches to assembly could benefit from
a way to determine a time varying stiffness trajectory which is optimal for the task
according to some optimality criteria.
The approaches one could follow are multiple. On one side, it could be possible
to implement a reaction strategy online that changes stiffnesses based on measured
forces: for example, the force tracking impedance strategies [LB08] which guarantee
to track a force profile by changing the Cartesian stiffness of the manipulator, or by
changing the reference position for the impedance controller.
On the other side, stiffness could be determined during a planning phase, to in-
crease robustness during insertion to positional uncertainties, or to guarantee the
lowest possible contact forces during the insertion under the largest possible set of
uncertainties.
Our approach was of the second kind, where the best stiffness for an insertion task
is computed during the planning phase.
The found results are very simple and elegant, and experiments will be provided
following this planning strategy in sectionsec. 3.3.
3.1 Compliance Area and Stiffness
The compliance area from Whitney can be plotted taking into account stiffnesses
instead of forces. This approach gives hints as to what maximum stiffnesses are
allowable during an insertion in order to avoid jamming. The approach followed
consists in determining the worst case displacement one can have during insertion as
a function of insertion depth, and then calculating the maximum allowed stiffness by
scaling the maximum allowed force by the worst case displacement. The calculations
will assume the RCC is located at the tip of the peg and the angular misalignment
θ will be considered small. This approach can be followed regarding KY and KC ,
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but it cannot be applied to find an admissible KZ , for which we will fall back to the
specification of a maximum force Fˆzp.
For the lateral forces, it is easy to determine the associated maximum stiffness, since
the worst case for ∆y(z) , where z is the insertion depth considered at the RCC in the
hole reference frame, is exactly the initial displacement εo ≤ εw, where εw depends
on the insertion method used and by the precision it can guarantee, and in the case of
a simple insertion with chamfers would be εw ≤ |whole + wpeg + depthhole sin(θmax)|,
where whole is the width of the hole chamfer, and wpeg is the width of the peg chamfer
and θmax is the greatest angle which can still allow for an insertion from a purely
geometrical point of view, i.e. the wobble angle 1.5 at 0 depth. We can then write
again equation 1.15 as ∣∣∣∣∣KY εwFˆzp
∣∣∣∣∣ < 1µ (3.1)
Evaluating the angular displacement ∆θ(z) is, on the other side, more interesting.
In fact, the no-jamming condition can be written as
∣∣∣∣∣KC∆θ (z)rFˆzp
∣∣∣∣∣ ≤ λ(z) (3.2)
λ(z) = z
µd
(3.3)
∆θ (z) = |θ0 − θ(z)| (3.4)
and, since at two point contact we have θ(z) = θ0, where θ0 is the initial displace-
ment, then the inequality 3.2 is always satisfied. After entering two point contact
λ(z) increases with depth, but the same is true also for ∆θ(z). Analyzing the func-
tion
λ(z)
∆θ (z) =
z
µd(θ0 − θ(z)) (3.5)
we can approximate
θ(z) = D − d
z
(3.6)
which substituted into 3.5 yields
λ(z)
∆θ (z) =
z2
dµ(θ0z −D + d) (3.7)
of which we can find a minimum imposing
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∂
∂z
(
λ(z)
∆θ (z)
)
= 0 (3.8)
resulting in
zcritic = 2
D − d
θ0
(3.9)
which, substituted in equation 3.6 reveals the worst case for ∆θ(z), which is
∆θ(zcritic) =
θ0
2 (3.10)
Notice how the same result can be found by expressing λ(z) in terms of the angle
θ. Since we have
z = D cos(θ)− dsin(θ) (3.11)
we can then write
λ(θ)
∆θ(θ) =
D sin(θ)− d
sin(θ)dµ(θ0 − θ) (3.12)
which can be simplified, since θ ' 0 to
λ(θ)
∆θ(θ) '
D − d
θdµ(θ0 − θ) (3.13)
then, we can derive equation 3.12 to obtain
∂
∂θ
(
λ(θ)
∆θ (θ)
)
'
(
(θ0 − 2θ)(d−D)
dθ2µ(θ0 − θ)2
)
(3.14)
whose root is
θc = ∆θ(zcritic) =
θ0
2 (3.15)
which confirms the previous result, and which allows to rewrite disequation 1.14 in
∣∣∣∣∣KCθcFˆzpr +
KY εw
Fˆzp
(λ(zcritic) + 1)µ
∣∣∣∣∣ < λ(zcritic) (3.16)
31
Chapter 3 Stiffness Selection during Assembly
An even more conservative approach for the worst case displacement θc would be
considering the greatest angle which can still allow for an insertion, θmax so that
θc =
θmax
2 (3.17)
Then the maximum force Fˆzp can be chosen accordingly, andKZ with it, for example
considering the biggest tolerable distance along z to the commanded position εz, so
that
KZ =
Fˆzp
εz
(3.18)
From the analysis of the compliance area it is clear how the maximum robustness to
initial displacements would be achieved by setting the lateral stiffness KY and KC to
0. This can be done in theory with an impedance control. In practice, the errors due
to force sensors noise, non perfect calibration, non perfect mass compensation for
the peg and non compensated joint frictions limits the ability to have zero stiffness
with impedance control, which keeps contact forces during transients from staying
to zero.
Fig. 3.1 shows the approximated value for the critic depth compared to the exact
value obtained for the case of a diagonal stiffness matrix by solving for Fzp equation
KCθ0
Fzpr
+ KY εw
Fzp
(λ(z) + 1)µ− λ(z) = 0 (3.19)
which gives
Fzp = f (KC , KY , z) (3.20)
that derived with respect to z
∂Fzp
∂z
= 0 (3.21)
allows to find zexactcritic ,
zexactcritic =
4 (d−D) (KC −KY rµ)
(d−D)KY − 2KCθ0 − 2KY rε0µ (3.22)
The equation 3.22 can be plotted knowing the positive initial displacements θ0, ε0
and all the characteristic dimensions of the peg in hole problem
3.2 Stiffness selection and planning a 2d peg-in-hole
assembly
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Figure 3.1: Exact value of zcritic. The yellow plane represents the constant value
zcritic found in the 3.9, while the surface below it represents zexactcritic as a function of
KC and KY .
Considering the most simple case the planning can be done considering a nominal
insertion trajectory, and choosing the stiffness parameters so as to obtain good
insertion performances during insertion. Also the stiffness parameters trajectory
can be preplanned. The assembly can be divided in the three phases: cross chamfer,
one point contact and two point contact.
One of the most misused statement about the RCC is that during chamfer cross, the
peg is only subject to lateral motion, and does not rotate about the RCC. In truth,
the contact forces do cause a lateral accommodation motion due to the low lateral
stiffness, but in general a moment can be generated during chamfer cross, where the
moment is equal to the contact force multiplied by the peg radius. Especially in
cases where we want to use very low stiffness, and where our controller allows for the
precise positioning of the RCC at the tip of the peg, the quasi-static analysis reveals
that we should have an infinite KC stiffness in order to avoid a pejorative behavior.
As it is evident from Fig. 3.2, in case 3.2a and 3.2d there could be a benefit in
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(a) Configuration A (b) Configuration B (c) Configuration C (d) Configuration D
Figure 3.2: Cross chamfer configurations
having a finite ratio of KC and KY , but the opposite is true for case 3.2b and 3.2c.
So during the cross chamfer phase, we would like the peg to slide into the hole along
the chamfer without changing its orientation, and we obtain this behavior, both in
impedance control and in the VSA case, by setting the highest rotational stiffness
possible.
(a) Configuration A (b) Configuration B (c) Configuration C (d) Configuration D
Figure 3.3: One point contact
During one point contact, it would be ideal having a corrective behavior that auto-
matically decreases the angular displacement which will be critical in determining
the depth at which two points contact happens, thus causing or avoiding wedging.
But even in this case the quasi-statical analysis reveals that, as Fig. 3.3 shows, in
case 3.3a and 3.3b there could be a benefit in having a non infinite KC , but the
opposite is true for case 3.3c and 3.3d.
At two point contact finally the stiffness needs to change. While most literature
suggests that a “low value” of stiffness should be selected during two point contact,
analysis of the Whitney compliance area suggests how, for maximum robustness, a
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value of exactly 0 should be set. In impedance control, such a stiffness value can
be theoretically reached: both the lateral and angular stiffness need to be set to 0,
with insertion stiffness set to a medium to high value, according to considerations
expressed in section sec. 3.1. The switching point for the stiffnesses can be precal-
culated by considering the maximum angular displacement which can still allow for
an insertion.
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Figure 3.4: Dimensions analysis 2D Peg In Hole
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Despite the exact wedging condition is
f
2r <
√
R2(µ2 + 1)
r2
− 1 (3.23)
as demonstrated by [SZ91] (Fig. 3.4 references all the dimensions used in this treat-
ment), the Whitney wedging area is a good approximation for our purpose. Here
it is stated that the maximum depth of the contact point hw at which wedging can
occur, and the corresponding angular value θw is
hw = µD (3.24)
θw =
σ
µ
(3.25)
where
σ = D − d
D
(3.26)
While 3.24 is exact in all conditions, 3.25 is approximated; this observation provides
a motivation to find a relation linking contact depth and angular displacement during
two point contact. Assuming positive θ, given h as the depth of the deepest contact
point during wedging leads to
δ = h+ c (3.27)
a = δ tan(θ) (3.28)
b = d cos(θ) (3.29)
c = d sin(θ) (3.30)
and imposing
a+ b = D (3.31)
we obtain
h = D cos(θ)− dsin(θ) (3.32)
We can then solve for θ as a function of h
θ = 2
(
tan−1
(√−d2 +D2 + h2 − h
d+D
))
(3.33)
Substituting 3.24 into 3.33 gives the wedging angle θw
θw = 2
tan−1

√
µ2 − ( d
D
)2 + 1− µ
( d
D
) + 1
 (3.34)
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which obviously can be alternatively found by solving for θw the equation obtained
from substituting 3.24 into 3.32
d
D
= cos(θw)− µ sin(θw) (3.35)
More generally, knowing the insertion depth of the RCC in hole coordinates, z, the
corresponding (positive) θ can be found numerically: considering
h = z − d sin(θ) (3.36)
and substituting it into 3.32 we obtain the equation
D cos(θ)− z sin(θ) + r sin(θ)2 = d (3.37)
where
r = d2 (3.38)
Notice how equation 3.32 can be used to obtain the θmax angle, which corresponds
to the case h = 0
θmax = cos−1
(
d
D
)
(3.39)
3.3 Experimental Results
Even though the LWR allows for a zero stiffness preset to be selected as a tar-
get cartesian stiffness during impedance control, the lower the stiffness, the more
the effects of friction and torque sensor noise become predominant and need to be
quantified and taken into consideration and possibly minimized during assembly, for
example by choosing an ideal insertion position with respect to which the friction
along the insertion directions is minimal.
3.3.1 Experimental Evaluation of KUKA LWR III Cartesian
Friction
Even though the KUKA controller for the LWR III includes an algorithm for friction
estimation and compensation, frictions can still represent a major problem in limit
situations like assemblies where a 0 stiffness behavior is desired. There is a vast
literature regarding compensation and estimation of friction on harmonic drives. A
simple method to calculate the Cartesian friction can be derived when assuming a
constant (not load dependent) friction on the joints. Knowing the arm kinematics
and its exact configuration, it is possible to compute the Cartesian friction in every
point of the workspace with the following formulas 3.40
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Figure 3.5: Cartesian friction ellipsoids, evaluated by the controller
fxmin = α ϕj 1max|JT1 (q)|
fymin = α ϕj 1max|JT2 (q)|
fzmin = α ϕj 1max|JT3 (q)|
mxmin = ϕj 1max|JT4 (q)|
mymin = ϕj 1max|JT5 (q)|
mzmin = ϕj 1max|JT6 (q)|
(3.40)
where with fi-min andmi-min we indicate the Cartesian forces and Cartesian moments
along the ith axis of the TCP needed to move the EE, or in other words the friction
forces acting at the joints expressed in Cartesian space, and JTi (q) is the ith row
of the transpose of the Jacobian matrix, α is a normalization term that depends
on the measurement unit used and ϕj is the friction coefficient of every joint. To
understand the best configuration to perform the peg-in-hole task the Cartesian
friction for different arm configurations has been analyzed: the ellipsoids in Fig. 3.5
represent the Cartesian friction in some preinsertion configurations. 3.5a shows
Cartesian friction forces, 3.5b shows Cartesian friction torques.
A set of measurements of the Cartesian friction has been taken, and compared
to the estimated friction. The frictions in Cartesian space have been measured
in 6 different configurations that were deemed as the most representative for the
problem, and in every position a linearly increasing Cartesian force or moment has
been commanded along one axis of the TCP frame. By recording the instant of time
at which the robot starts moving, it is possible to estimate the Cartesian friction in
that direction. The analyzed configurations are depicted in Fig. 3.6. In 3.8a, we can
see all the measured friction ellipsoids (red), estimated friction ellipsoids (blue), and
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Figure 3.6: Kuka Lightweight Robot in 6 different preinsert configuration.
the linear velocity ellipsoids, all analyzed in the xy plane; in 3.8b corresponding
plots are presented for friction moments and angular velocities. To graphically
represent the ellipsoids we computed the projection from a 6 dimensional space
to a 3 dimensional space. According to the concept of force/velocity duality, a
direction along which the velocity manipulability ellipsoid is large is a direction
along which the force manipulability ellipsoid is small and vice versa, and a direction
along which the force manipulability ellipsoid is small is a direction where force
sensing is the most accurate; it is however important to notice how this characteristic
does not hold true when considering projections of a 6 dimensional Jacobian in 3
dimensional space (for example when analyzing separately the linear velocities and
the angular velocities): hence in general, the projections of 6 dimensional velocity
ellipsoids aren’t perpendicular to the projection of 6 dimensional friction ellipsoids.
An example of this basic principle is given in Fig. 3.7 where we draw a 3D ellipsoid
(in red) representing a velocity manipulability ellipsoid and the perpendicular3D
force ellipsoid, 3.7a, while the yellow the green 2D ellipsoids are the projections on
the xy plane of the two ellipsoids losing the reciprocal perpendicularity property,
3.7b.
Despite the graphic visualization gives good informations of the best configuration to
perform a peg in hole task, we analyzed the experimental friction data to compute
a friction based manipulability measure for the arm. In the same way a global
representative measure of manipulability can be obtained by considering the volume
of the manipulability ellipsoid, which is is proportional to the quantity
ω(q) =
√
det(J(q)J(q)T ) (3.41)
we want to find a configuration where the volume of the friction ellipsoid is minimal.
39
Chapter 3 Stiffness Selection during Assembly
−6
−4
−2
0
2
4
6
−6
−4
−2
0
2
4
6
−6
−4
−2
0
2
4
6
 
x
3d Ellipsoids
y
 
z
Velocity ellipsoid
Projection of velocity ellipsoid on xy plane
Force ellipsoid 
Projection of force ellipsoid on xy plane
(a) 3D, perpendicular ellipsoids
−5 −4 −3 −2 −1 0 1 2 3 4 5
−8
−6
−4
−2
0
2
4
6
8
x
y
Projections on xy plane
 
 
Projection of velocity ellipsoid on xy plane
Projection of force ellipsoid on xy plane
(b) 2D projection of velocity force ellipsoids
on xy plane
Figure 3.7: Not perpendicularity of 3D Ellipsoids
For every experiment we compute the volume of the friction ellipsoids as obtained
during the experiments and compare it to the volume of the estimated friction
ellipsoids. In Fig. 3.9 we show how this manipulability measure changes with the
different configurations in Fig. 3.6, and the differences between the measured friction
ellipsoids volume and the estimated friction ellipsoid volume. To choose the best
configuration we have to find the minimum value for the friction ellipsoid volume,
since in that configuration the KUKA LWR III force and torque measurements will
be more accurate.
From Fig. 3.9, the minimum value for the measured friction ellipsoid volume is in cor-
respondence to the first configuration, while the estimated friction ellipsoid volume
is minimum in configuration number three. To decide between the two configura-
tions another analysis has been performed taking into consideration only frictions
along the directions meaningful to the 2D insertion task. In Fig. 3.10 the friction
based manipulability measurements evaluated at the different configurations are
shown. Here we consider only the dimensions y, z, c and this plot suggests again
the configuration number one to be the best.
Insertions experiments in position 4 Fig. 3.13 have been compared to insertions in
the best configuration, with the insertion experiment consisting in a 2D peg in hole
task, with choosing of the stiffness matrix as
Km =
 1000 0 00 100 0
0 0 1
 (3.42)
and initial displacement of 1°. The final commanded position for the insertion
was the bottom of the hole, so that any residual force during insertion cause the
peg to jam before reaching the bottom, since insertion forces progressively decrease
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(a) Force and linear velocity ellipsoids
(b) Moment and angular velocity ellipsoids
Figure 3.8: Friction ellipsoids
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Figure 3.9: Manipulability measurements
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Figure 3.10: Manipulability measurements, Jacobian projection along z y c (where
c is the x coordinate for moments/angular velocities)
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as the peg reaches the final bottom-hole commanded position. While the depth
reached in the experiment with the best configuration was greater than that of the
experiment with configuration 4, as expected, it is interesting to note the effect of
the friction on the impedance controller which is ultimately responsible for allowing
the insertion with nonzero initial displacements. In 3.11a the compliance Whitney
area is plotted, and in 3.11b we plotted the Sturges volume at the final instant of the
insertion . In both figures the center of the ellipse and ellipsoid represents the force
ratios without uncertainties, as expressed by 1.14 and 1.24 respectively, while the
dimensions of the ellipse, 3.11a, and ellipsoid, 3.11b, axis quantify the maximum
Cartesian uncertainties evaluated during our experiments. As it is possible to see
the uncertainties are too big to verify the jamming conditions, both in the 2D
and 3D case: at the final instant of insertion we expect forces to be outside the
compliance area, corresponding to a jamming situation which is always present
when the bottom of the peg is not reached, but the uncertainties do not allow to
determine precisely the jamming situation. The data recorded during the insertion
experiment in configuration number 4 has been plotted in Fig. 3.12. The results of
the experiments show the importance of choosing a configuration that minimizes the
effect of joint friction along the task directions. Configuration number 1 has been
used for all the following insertion experiments.
3.3.2 Estimation of the coefficient of friction
The surfaces of both the hole and the peg are treated using a Teflon PTFE coating.
An estimate of the friction coefficient between the two surfaces needs to be made.
Since the static friction coefficient is very low, manually measuring it with a simple
spring dynamometer can give very inaccurate estimates. To obtain more accurate
results, one side of the hole has been placed in top of the peg while gripped from
the KUKA LWR in position control mode (5× 10−3 rad accuracy on each joint), in
a leveled position with respect to the floor. The robot has been commanded so as to
slowly incline the peg; when the object on top of the peg started falling, the robot
was stopped and the angle θm was recorded. The relative friction coefficient then is
computed as
µ = arctan(θm) (3.43)
We obtained values between 0.117 and 0.161, with an average of 0.13, which is
among the normal range for a PTFE treated material (0.11 < µ < 0.15)
43
Chapter 3 Stiffness Selection during Assembly
−8 −6 −4 −2 0 2 4 6 8
−10
−8
−6
−4
−2
0
2
4
6
8
10
Fy/Fz
t=3.636719
M
/rF
z
(a) Whitney compliance area
−20
−15
−10
−5
0
5
10
15
20
−20
−15
−10
−5
0
5
10
15
20
−20
−15
−10
−5
0
5
10
15
20
F
x
/F
z
t=3.636719
Fy/Fz
(M
x+
m
y)/
F (z
)r
(b) Sturges compliance volume
Figure 3.11: Compliance areas
44
3.3 Experimental Results
dY = 0mm; dC = 1deg, ky = 100N/m, kC = 1Nm/rad
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Figure 3.12: Data recorded during a peg in hole experiment in position number 4
−θz deg +θz deg −θx deg θx deg
Exp1 -7.649145 7.589613 -7.219909 6.981766
Exp2 -7.358085 6.921498 -6.644397 7.133909
Exp3 -7.000875 7.0670024 -6.981763 6.935460
Exp4 –8.985374 9.163980 -7.477890 7.193441
Table 3.1: Friction angle measurements, ±θz is the rotation around the ±z axis,
±θx is the rotation around the ±x axis, during 4 Experiments . The exact mean
of the friction coefficient is µ = 0.1283.
3.3.3 2D insertion task experiment
C
1
(a) Cross chamfer
P
1
(b) One point contact
N
2
N
1
(c) Two point contact
Figure 3.15: Insertion phases
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Figure 3.13: LWR in a preinsert configuration (configuration number 4)
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Figure 3.14: Tool Friction Estimation
A 2D insertion task has been executed using a LWR with Cartesian impedance
control. Square peg and hole have been used. The peg has a diameter of 79.8
mm, while the hole’s diameter is 80 mm. The depth of the hole is 60 mm, and the
chamfer has a width and depth of 2 mm, with an angle of 45°. As already said,
the friction coefficient has been estimated as µ = 0.13. The robot position has been
chosen so that its friction ellipsoid was the smallest along the directions where force
sensing had to be more precise (along the x axis for rotations, and consequently
the rotational stiffness, and along the y direction for lateral force sensing). Since
the KUKA controller does not support checking conditions in realtime at current
version (i.e., checking that a certain depth has been reached during insertion and
changing the stiffness accordingly), we chose to implement the switching strategy
responsible to adjust the stiffness after the transition from one point contact to two
point contact by simply driving the arm to a certain switching depth, switching the
stiffness and then continuing till be bottom of the hole. Stiffness along the unused
directions was set to zero after the switching point. Instead of specifying three sets of
stiffness, we will just chose one set for both two point contact and one point contact,
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and one set for two point contact. Before the switching point, the stiffness along
the unused directions were set to reasonable values, as to avoid excessive position
errors resulting in an unsuccessful chamfer engagement.
KX N/m KY N/m KZ N/m KA Nm/rad KB Nm/rad KC Nm/rad
phase 1: 3000 100 1000 50 300 500
phase 2: 0 - 1000 0 0 -
Figure 3.16: K values until two point contact and during insertion phase after the
switching point.
The values are shown on Fig. 3.16. Stiffness along the insertion axis was set to 1000
N/m for all experiments, in order to maintain a maximum force of around 60N
in case of unsuccessful hole engagement or wedging. As previously mentioned, the
stiffness values along the lateral and rotational directions where varied according
to a simple switching law. If there is some initial lateral error, this error could be
converted to angular error after chamfer crossing, so during chamfer cross, the lateral
stiffness is set to 100N/m, while the angular stiffness about the x axis is set to a
high value: ideally it should be set to pure position control, but in the impedance
control framework the highest value possible should be selected (a stiffness value
that is too great can cause instability in the control loop). The intrinsic compliance
of the arm is around 10000N. Considering Fig. 3.4, the switching point has been
preplanned. Considering a reference frame {Sh} on the hole mouth the important
measures to take into account are:
• wedging angle 0.0180 rad (1.0306°)
• maximum wedging depth (equivalent to the two point contact depth with
wedging angle) of 15.12mm (−44.88mm from hole bottom)
• cross chamfer end in the worst (latest) case scenario, Fig. 3.15, 3.44mm
(−56.56mm from hole bottom)
where the values considered are calculated according to non-approximated formulas.
The switching point should be located between the maximum wedging depth and
the earliest two point contact depth to ensure that the sliding condition is verified
for most of the insertion time. A value of 17mm (−43 from the hole bottom) was
chosen from these values by applying empirically a correction needed because of
the medium insertion stiffness along z. In the same way, according to the wedging
graphs, initial displacements have been kept to the following limit
− 0.018 rad ≤ θ0 ≤ 0.018 rad (3.44)
−2mm ≤ ε0 ≤ 2mm (3.45)
A set of 2000 insertions have been completed using 10 stiffness presets (200 in-
sertions for each preset), picked as equidistant on a logarithmic scale from 1 to a
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maximum value, as seen on table Tab. 3.3, and for the cross-chamfer phase a con-
stant set of stiffnesses has been chosen, like shown in Tab. 3.2. While for the KY
stiffness the optimal value would have been 0 for chamfer cross, the same stiffness
set has been used for the approach phase, so a higher value has been chosen in or-
der to obtain higher precision during chamfer engagement. Each insertion has been
performed with an initial displacement chosen randomly from the set of admissible
initial displacements.
KY N/m KZ N/m KC Nm/rad
100 1000 500
Table 3.2: Experiment chamfer cross stiffnesses
preset n KY N/m KZ N/m KC Nm/rad
1 0 1000 0
2 100 1000 5
3 316 1000 5
4 1000 1000 5
5 100 1000 22
6 316 1000 22
7 1000 1000 22
8 100 1000 100
9 316 1000 100
10 1000 1000 100
Table 3.3: Experiment insertion stiffnesses
Fig. 3.17 shows a simulation of maximum insertion depth with varying stiffness and
initial displacements used Whitney’s jamming condition (3.16). As with the real
experiments, diagonal stiffness matrices were used, and the commanded position
was the bottom of the hole.
KY N/m KZ N/m KC Nm/rad
Sim1 1000 1000 5
Sim2 1000 1000 22
Sim3 1000 1000 100
Table 3.4: Simulated stiffnesses
The numerical results show how insertions with low values of KC are more robust
to initial displacement, meaning large displacement variations don’t cause a large
variation of the maximum insertion depth. Furthermore Fig. 3.17 shows lateral
displacement don’t have a big impact on maximum depth for the range of lateral
stiffnesses considered.
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Experimental results are provided below and compared to the expected results ob-
tained by simulation. The mean of the insertion depths obtained with every initial
displacement has been computed for each stiffness preset, since the insertion depth
is a measure of the contact forces during insertion and in general a lower value is
better. Experiments were wedging occurred or the hole engagement process did
not complete successfully were filtered based on the final depth reached (a depth
shallower than of −43 mm has been identified as implying wedging or incorrect
engagement both from the Whitney equations and empirically). Jamming always
occurs at a certain distance from the bottom of the hole, since the displacement from
current and commanded position gets smaller until the force along the z direction
is not sufficient to avoid jamming. As shown in Fig. 3.18 the best in average was
preset number 1, confirming the previous assumptions.
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Figure 3.17: Simulated stiffness plane
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Figure 3.19: Insertion depths against random displacements with KC = 100
Nm/rad
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Figure 3.20: Insertion depths against random displacements withKC = 22 Nm/rad
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Figure 3.21: Insertion depths against random displacements with KC = 5 Nm/rad
54
3.3 Experimental Results
−1
0
1
−1−0.500.51
−8
−7.5
−7
−6.5
−6
−5.5
ε0
θ0
Ky 0 ; Kc 0
D
is
ta
nc
e 
to
 G
oa
l
Figure 3.22: Insertion depths against random displacements with KC = 0 Nm/rad
As shown in Fig. 3.23, Fig. 3.24, Fig. 3.25 and Fig. 3.27, a simple plane fitting has
been performed on the insertion depths for every stiffness preset against the initial
angular displacement θ0. First, the data has been separated according to the inser-
tion depth, with the intent of finding two separate clusters, one for the jammings
and one for the wedgings (insertions lower than −43 mm from the bottom). Then,
on the cluster with highest insertion depths mean was performed a robust least
squares fitting. The robust least squares fitting has the advantage of “finding” the
most evident outliers, which were present in many cases. Since it is basically an
iteratively re-weighted least squares fitting, the outliers can be identified by looking
at data points with an associated weight of 0. The resulting planes are shown in
Fig. 3.27, which also makes evident how the inclination of the planes along the ε0
is minor compared with the inclination along the θ0 direction. The projection of
those planes along the θ0 axis is shown in Fig. 3.28, and like for the planes figure
case it is evident the presence of three sheafs of lines, which basically coincide with
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each KC preset. The lines inclinations show how the preset with KY = 0N/m and
KY = 0Nm/rad is the more robust against initial angular errors. While the lateral
stiffness preset doesn’t play a noticeable role in the final insertion depth, it can be
seen how for higher stiffness a deeper insertion is achieved when there is perfect
alignment (which happens in the experiments at θ0 ' 0.7°, confirming the difficulty
of aligning perfectly, even in theory, the peg and hole axis) but the reached depth
degrades very fast with increasing orientation errors. On the other side, a 0 stiffness
value is robust with initial displacements while for a perfect orientation the perfor-
mance is almost identical to the other non perfectly aligned insertions. This can be
justified by noticing how contact friction during sliding can apply a net torque on
the peg, so that even a perfect alignment can be easily perturbed during two points
contact. Obviously this analysis only takes into account the maximum insertion
depth, which in our case is limited by the fact that the desired position for the end
effector is the bottom of the hole, but the stiffness along the insertion direction is
not infinite, so we enter in a jamming condition which is caused by a decreasing Fzp
rather than an increasing Mxp or Fyp. In this sense, the maximum insertion depth
is related to insertion forces, in that lower lateral forces and moments about the peg
tip result in a deeper insertion.
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Figure 3.23: Insertion depths against random displacements with KC = 100
Nm/rad
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Figure 3.24: Insertion depths against random displacements withKC = 22 Nm/rad
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Figure 3.25: Insertion depths against random displacements with KC = 5 Nm/rad
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Figure 3.26: Insertion depth against random displacements with KC = 0 Nm/rad
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Figure 3.27: Insertion depth versus initial displacement for different stiffness pre-
sets
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Figure 3.28: Insertion depth versus initial displacement for different KC
Comparing Fig. 3.23, Fig. 3.24, Fig. 3.25, with the simulation results plotted in
Fig. 3.17, we notice that the experiments don’t show a symmetry relative to the
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ideal insertion direction θ0 as expected. This is a translation rather than an asym-
metric behavior which is due to errors introduced by manually teaching the robot the
position for the peg at hole bottom configuration: since the initial angular displace-
ments are symmetric with respect to 0 deg, but the ideal peg and hole alignment is
translated by 0.72 deg , this results in a partial representation of the insertion depth
curve. To confirm our assumptions we made other experiments reteaching the final
position and increasing the angular displacement range to −3° < θ0 < 3°, as the
Whitney wedging angle estimate has been found to be very conservative. The results
are shown in Fig. 3.29, Fig. 3.30 and Fig. 3.31 and even if a small translation of the
zero displacement point along the θ0 axis is evident, the symmetry of the insertion
depth curve is now evident.
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Figure 3.29: Insertion depth against random displacements withKC = 100Nm/rad
60
3.3 Experimental Results
−1 0 1
−3 −2 −1 0 1 2 3
−30
−20
−10
0
Ky=0 ; Kc=22                
θ0 [deg]
ε0 [mm]
D
is
ta
nc
e 
to
 G
oa
l
−1 0 1
−3 −2 −1 0 1 2 3
−30
−20
−10
0
Ky=316 ; Kc=22                
θ0 [deg]
ε0 [mm]
D
is
ta
nc
e 
to
 G
oa
l
−1 0 1
−3 −2 −1 0 1 2 3
−30
−20
−10
0
Ky=1000 ; Kc=22                
θ0 [deg]
ε0 [mm]
D
is
ta
nc
e 
to
 G
oa
l
Figure 3.30: Insertion depth against random displacements with KC = 22Nm/rad
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Figure 3.31: Insertion depth against random displacements with KC = 0Nm/rad
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While global indices for Cartesian stiffness performances for multibody robotic sys-
tems exist in literature [CC10], they are generally not suited to evaluating stiffness
performance for particular tasks, like assemblies in general and peg in hole in par-
ticular. In this case, ad-hoc performance measurements need to be introduced. In
the next section we will introduce the use of the minimum insertion force at critical
depth needed to avoid jamming during an insertion (MFAJ), and this measure will
be used to rate the Cartesian stiffness of a manipulator performing the task. It will
be shown how the Cartesian stiffnesses presented in chapter 3 are MFAJ optimal.
A new stiffness optimization method will be proposed that tries to achieve desired
geometric features of the Cartesian stiffness obtainable by a stiffness joint controlled
or elastic joint robot. Experimental results from this stiffness optimization method
will be compared to that obtained using an MFAJ optimal joint stiffness.
We will then show how a peg-in-hole assembly task can be easily achieved with
nothing but cheap position sensors when resourcing to Variable Stiffness Actuators
(VSA).
The use of a low-cost Variable Stiffness Torso platform will be presented consisting
of two 4 dof non-planar VSA manipulators for a bimanual peg-in-hole assembly
task: one arm holds the peg and the other holds the hole. The task is accomplished
without any force measurement. Indeed, a simple position control scheme is required.
Simulations and experimental results are shown.
4.1 Stiffness Selection and Optimization
When referring to compliant uncoupled joints robots, we have to consider the joints
stiffnesses KJ to be diagonal. For general robotic applications it is most natural to
specify the desired stiffness behavior of the robot in Cartesian coordinates, hence the
problem to find the “best” solution to 1.56 with the diagonality constraint for KJ ;
additional constraints are posed by the fact that the terms in the KJ matrix should
all be limited between a lower and upper bound defined by mechanical properties in
the case of VSA robots, or by the control bandwidth and the arm intrinsic stiffness
in the case robots using joint stiffness control schemes. Thus we talk about joint
stiffness optimization.
A widely accepted method to select a diagonal joint stiffness matrix “near” to a de-
sired Cartesian stiffness is the one presented in [ASFS+04]. The robot configuration
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is considered constant, and the transformation from joint compliance to Cartesian
compliance is then computed using the Congruence Transformation as
CC = J(q)CJJ(q)T (4.1)
where
CJ = K−1J (4.2)
is the joint compliance matrix, and
CC = K−1C (4.3)
is the Cartesian compliance matrix that maps wrenches to displacement twists δc
δx
δy
δz
δθ
δφ
δψ

= CC

fx
fy
fz
mx
my
mz

(4.4)
where fi is the general force along the i axis and mj is the general moment about
the j axis. Thus the minimization problem is written as
min
KJ
∥∥∥J(q˜)†TKJJ(q˜)† −KC∥∥∥G
F
(4.5)
subject to kminJ < kJi < kmaxJ
where q˜ is a selected robot configuration and kJi refers to the i-th term off the
diagonal of the KJ matrix, and the norm
‖A‖GF =
∑
i,j
gi,ja
2
i,j
1/2 (4.6)
is the weighted Frobenius norm, with G weighting matrix acting on each of the
entries of the norm matrix A. Notice how in 4.5 the pseudoinverse operation needs
to be weighted for the congruence transformation to work, that is, it must be
J† = K−1J JT (JK−1J JT )−1 (4.7)
In the same way, a compliance optimization method can be implemented, like the
one presented in [PAS11], where the minimization problem is
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min
CJ
∥∥∥J(q˜)CJJ(q˜)T − CC∥∥∥G
F
(4.8)
subject to cminJ < cJi < cmaxJ
where cJi refers to the ith diagonal term of CJ .
Regardless of how we set the weight matrix, this minimization problem has the
disadvantage of finding results which are near in norm to the desired ones, but which
can have very distant geometric properties. For example the center of stiffness or
the center of compliance can be very distant to the desired one, or move abruptly
during a wide motion in Cartesian space, or the direction of the translational stiffness
parameters can be substantially different from the desired ones. As highlighted by
the copious amount of literature focusing on the problem (of which [JM98, KYO00,
KHK+97] are examples), in some cases the position of the center of stiffness can
be more important than the selection of the stiffness parameters, and, within some
limits, having a stiffness with high directionality can be more beneficial than having
a stiffness which numerically resembles the desired one. Or, put in other terms,
sometimes we would like to specify a desired structure for the matrix rather than
some precise values in Cartesian space. Even if in theory choosing a proper weight
matrix in the Frobenius norm can help in stressing the importance of geometric
properties over the stiffness matrix, we feel a more direct and intuitive way of doing
so could achieve better results when geometric features are especially meaningful in
a robotic task.
In the next section we will propose some methods that try to exploit the previous
basic idea, showing first a basic example and going back to the already presented
2R robot, and then presenting the results obtained by optimizing the joint stiffness
for an insertion task with a LWR robot arm controlled with a joint impedance
control scheme, which we can compare to the same results obtained using Cartesian
impedance control. By means of simulations we will also show how these methods
can help in obtaining Cartesian stiffness matrices which maintain desired geometric
properties.
The results presented in this chapter will make use of the Congruence Transforma-
tion as reported in section sec. 1.5.1 for simplicity of treatment, but can be easily
extended to use the Conservative Congruence Transformation by including the KG
term inside the objective functions to minimize.
4.1.1 Geometric Features based Stiffness Optimization
As shown in [CL94], the center of stiffness and compliance shows the important
property that a compliant axis, if there is once, passes through them. The compliant
axis, in turn, shows the interesting property that a force along the axis produces a
parallel translation and a rotation about the axis produces a parallel couple [LP92].
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This shows how the distance to the center of compliance can be an important metric
that we want to consider while optimizing the stiffness: when designing a Cartesian
stiffness matrix we can find its center of compliance (which in general can be different
from the Cartesian point with represents the origin of the frame with respect to
which we define the stiffness matrix) and then impose that the center of compliance
of the obtained Cartesian stiffness is as near as possible to the center of compliance
of the desired Cartesian stiffness, that is, their distances to the Cartesian stiffness
reference frame must be near. This can be written as a minimization, that is
min
KJ
∥∥∥dCoC(KJ)− dˆCoC∥∥∥2
where dˆCoC is the distance of the center of compliance of the desired Cartesian stiff-
ness matrix to the origin of its coordinate frame, and dCoC(KJ) is the distance from
the center of compliance of the Cartesian stiffness obtained by a KJ joint stiffness to
the same coordinate frame origin. The minimization can be weighted so that when
the location of the center of stiffness cannot lay exactly at the desired location, we
can specify a preferential direction along which errors are to be considered more
severe
min
KJ
∥∥∥Wd(dCoC(KJ)− dˆCoC)∥∥∥2
where Wd is a square matrix that should be designed to give weight to the com-
ponents of the distance between the two vectors perpendicular to the compliance
axis. Notice that this is a nonlinear minimization, since computing dCoC involves
performing an inversion of the coupling block of the obtained Cartesian stiffness
matrix.
Together with the center of compliance, one basic geometric feature of the stiffness
and compliance matrices that can be taken into consideration is the eigenvector
relative to the greatest (or smallest) eigenvalue. This is especially useful when the
designed Cartesian matrix shows a strong directionality (the stiffness ellipsoids have
an axis much greater/smaller than the others), which we desire to preserve. In other
terms, we want the projection of the eigenvector of the obtained Cartesian matrix
on the corresponding eigenvector on the designed matrix to be as close as possible
to 1. That is, KJ must satisfy
min
KJ
(
1−
∣∣∣vTdesv (KJ)∣∣∣)
where vdes is the eigenvector corresponding to the greatest (smallest) eigenvalue of
the desired Cartesian matrix, and v(KJ) is the eigenvector corresponding to the
greatest (smallest) eigenvalue of the Cartesian matrix obtained by using a joint
stiffness matrix KJ .
The two minimization objectives can be aggregated in a linear way in an aggregate
objective function, which can contain also the term relative to the distance be-
tween the obtained Cartesian matrix and the desired one, resulting in the nonlinear
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bounded minimization problem
min
KJ
γ1α (KJ) + γ2β (KJ) + γ3δ (KJ) (4.9)
subject to kminJ < kJi < kmaxJ
where
α (KJ) =
∥∥∥J(q˜)†TKJJ(q˜)† −Kc∥∥∥G
F
β (KJ) =
∥∥∥Wd(dCoS(KJ)− dˆCoS)∥∥∥2
δ (KJ) =
(
1−
∣∣∣vTdesv(KJ)∣∣∣)
and the weights γi have to be selected accordingly.
4.1.2 MFAJ-Optimal Stiffness
Like specified in sec. 4.1.1, the minimization process starts from the insights gained
by analyzing the ideal stiffness parameters in Cartesian space. Even if we showed
what the ideal Cartesian stiffness should be in the sense of robustness to initial
displacements, we strive to find a mathematical formulation that proves it to be
optimal. Obviously, this also relates to the optimal choice of the position for the
center of compliance. When taking into account the position of the center of com-
pliance, finding the optimal stiffness becomes more difficult, since even in the 2D
case the non-diagonality of the matrix brings the free parameters to choose from
3 to 6. As seen in Fig. 4.1 the MFAJ increases as the RCC moves away from the
peg tip. It can also be seen how, as the RCC moves on the peg axis towards the
bottom of the hole, there is a slight decrease in the insertion force needed to avoid
jamming at critical depth. This can be explained by the fact that when we deal with
a full stiffness matrix, the worst case initial displacement must be analyzed more
carefully, since off diagonal terms can be beneficial when considering a particular
initial condition. In fact, Fig. 4.1 is obtained by considering insertion forces when
the initial displacements are both positive (or negative). After the general problem
will be setup, it will be shown mathematically how the optimal results change when
considering only a subset of the worst case initial displacements.
4.1.2.1 MFAJ-Optimal Stiffness in Cartesian Space
To find an optimal stiffness in Cartesian space it must be first defined a cost function
it should minimize. In a 2D peg-in-hole insertion, it can be easily identified as the
force needed at the critic depth 3.15 in order to avoid jamming, the MFAJ. At critic
depth, dcritic the maximum angular, lateral and insertion displacement would be,
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Figure 4.1: MFAJ increases as the RCC moves further away from the tip of the
peg
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respectively
θc = θ02
εc = ε0 + dcritic sin( θ02 )
zc = depthhole − dcritic
The set of these displacements defines∆Xcritic, and consequently Fcritic = Kc∆Xcritic.
For the 2D insertion case, there are 4 possible combinations of the worst case scenar-
ios and four different possible ∆Xcritic, and we wish to find a stiffness that minimizes
the insertion forces for all combinations simultaneously. We propose to minimize
the force required to avoid jamming at the critical depth, and since the no-jamming
condition in two point contact is expressed by 1.14, and being∣∣∣∣∣MxpFzpr + FypFzp (λ+ 1)µ
∣∣∣∣∣
the projection of the generic vector on the normal to the compliance area boundary
during two point contact, we can restrict the problem to the worst case scenario in
quadrant I on the compliance area∣∣∣∣∣MxpFzpr
∣∣∣∣∣+
∣∣∣∣∣FypFzp (λ+ 1)µ
∣∣∣∣∣
from which we obtain a first form of the minimization problem for the simple 2D
case which can be written as
min
KC
∥∥∥∥[ kC3,?∆XcritickC2,?∆Xcriticr ,kC1,?∆XcritickC2,?∆Xcritic (λ (dcritic) + 1)µ
]∥∥∥∥
2
(4.10)
subject to KC  0
kmin ≤ kCi,j ≤ kmax
As previously stated, this formulation has the problems of finding stiffness matrices
that are biased to work particularly well for just one specific set of worst case initial
conditions. Considering the aforementioned set of critical displacements
∆XA =
[
θc zc εc
]T
∆XB =
[
θc zc −εc
]T
∆XC =
[
−θc zc εc
]T
∆XD =
[
−θc zc −εc
]T
and noticing how, since KC is symmetric, only ∆XcritA , ∆XcritB and ∆XcritC are
representative of unique contact force configurations, the 4.10 optimization problem
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can be rewritten taking into consideration all the critic sets as
min
KC
∥∥∥[ ζ1 ζ2 ζ3 ζ4 ζ5 ζ6 ]∥∥∥2 (4.11)
KC  0
kmin ≤ kCi,j ≤ kmax
where ζ1 =
kC3,?∆XA
kC2,?∆XAr
, ζ2 =
kC1,?∆XA
kC2,?∆XA
(λ+ 1)µ, ζ3 =
kC3,?∆XB
kC2,?∆XBr
,ζ4 =
kC1,?∆XB
kC2,?∆XB
(λ+ 1)µ,ζ5 =
kC3,?∆XC
kC2,?∆XCr
and ζ6 =
kC1,?∆XC
kC2,?∆XC
(λ+ 1)µ.
This formulation however still shows the problem of being undefined when kC2,?∆X
equals zero. Since we impose kC2,? based on bounded force concerns, we can rewrite
the formulation in a well-defined manner as
min
KC
∥∥∥[ ψ0 ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ]∥∥∥2 (4.12)
KC  0
kmin ≤ kCi,j ≤ kmax
with ψ0 = α
(
kCzzdes − kC2,2
)
, and ψi 6=0 = ζikC2,?∆X. This results in the final MFAJ
formulation, since we desire the Cartesian stiffness to show a certain value along the
insertion direction, and minimize the rotational and lateral stiffnesses which cause
the forces contrasting the insertion and ultimately causing a jamming.
Numerically solving this minimization problem results in stiffness matrices that
comply with the intuitive findings expressed in the previous section, confirming
that the found Cartesian stiffness matrix is indeed MFAJ optimal, that is optimal
in the sense of robustness to jamming.
4.1.2.2 MFAJ-Optimal Stiffness in Joint Space
The minimization presented in Cartesian space are also valid when applied in joint
space. Since in general it is not possible with an elastic joint robot to reach any
Cartesian stiffness matrix at the end effector, usually an optimal Cartesian stiffness
is obtained and then a minimization is performed to reach the “nearest” Cartesian
stiffness with an elastic joint robot: this will not guarantee the optimality of the
obtained Cartesian stiffness, while specifying the optimality criteria in joint space
we are sure to obtain an MFAJ-optimal Cartesian stiffness for the given structure,
that is, taking into consideration the arm configuration, joint stiffness limits, etc.
In particular it is possible to express the quantity of which we want to minimize the
euclidean norm in linear form obtaining a convex minimization problem, since as
already stated in 3.18 we want to set the quantity kz based on maximum tolerable
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insertion force
min
KJ
∥∥∥[ ψ0 ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ]∥∥∥2 (4.13)
KC = J(q)†
T
KJJ(q)†
kmin ≤ kJi,j ≤ kmax
where ψ0 = α
(
kCzzdes − kC2,2
)
, ψ2 =
kC3,?∆XA
kCzzdes
zcr
, ψ3 =
kC1,?∆XA
kCzzdes
zc
(λ+ 1)µ, ψ4 =
kC3,?∆XB
kCzzdes
zcr
, ψ5 =
kC1,?∆XB
kCzzdes
zc
(λ+ 1)µ, ψ6 =
kC3,?∆XC
kCzzdes
zcr
, ψ7 =
kC1,?∆XC
kCzzdes
zc
(λ+ 1)µ and α
is a weight that can be chosen to balance the trade-off between minimum insertion
force and distance of kC3,3 from kCzzdes . As seen in presented in the next section, a
good heuristic for the weight is to chose it as α = (λ+1)µ
λkCzzdes
.
4.2 Bimanual Assembly with a VSA Robot
The use of variable stiffness actuators permitted us to solve the bimanual assembly
problem using a simple straightforward position-control approach, without resourc-
ing to any complex higher order dynamic control schemes, force sensors, and high-
cost precise manipulators. As far as we know this is the first work to present the use
of VSA non-planar manipulators for the accomplishment of the peg-in-hole assem-
bly task. It is also the first to do so using two VSA manipulators, one holding the
peg, and the other holding the hole. In our solution the parallel bimanual assembly
task is remapped to an equivalent serial task by parameterizing the two arms as one
8 dof serial manipulator [BVDD93, CKK+99]. Moreover, algorithms for searching
the hole and performing the insertion using only position feedback are discussed.
Finally, the proposed solution is validated with both simulations and experimental
results.
In section sec. 4.2.1 we will talk about the task definition, while in section sec. 4.2.2
the search and insertion strategy will be presented. In section sec. 4.1 the problem
of stiffness selection will be tackled, with the objective of finding a stiffness mini-
mization strategy that obtains Cartesian stiffnesses suitable to the insertion task.
Finally, in section sec. 4.3 experimental results will be given.
4.2.1 Insertion Using the VSA Humanoid Torso QBoid
Consider the model of an arm whose kinematics are described by Tab. 4.1.
There, d3 equals the length of the arm (from the axis of motor 1 to the axis of motor
4) and d4 equals the length of the forearm.
The elastic joints arm is built from VSA-Cube units (as described in [CGG+11]).
Here the dynamic of a single unit is modeled by a motor with elastic transmission
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(b) Objective function 4.13 without ψ1
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(c) Objective function 4.13
Figure 4.2: Representation of objective functions 4.11 and 4.13 in joint space for
the 3R robot described in Tab. 4.7 72
4.2 Bimanual Assembly with a VSA Robot
Figure 4.3: QBoid executing a peg-in-hole, preinsert position
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Figure 4.4: Scheme of the Kinematic model for both arms. Rotation axes are
numbered, with positive direction facing away from the numbers
Joint a α d θ
1 0 −pi2 0 q1
2 0 pi2 0 q2 +
pi
2
3 0 pi2 −d3 q3 + pi2
4 0 0 d4 q4 − pi2
Table 4.1: Denavit-Hartenberg table for right arm
between the shaft and the link.
We use a simplified model attributable to [Spo89]
M(q)q¨ + C(q, q˙)q˙ + g(q) + τm = 0
Bθ¨ +Dθ˙ = τ + τm
τm = K(q − θ)
(4.14)
where M(q) is n × n link inertia matrix, C(q, q˙) is a n × n matrix containing the
centripetal and Coriolis terms, g(q) is a n × 1 vector containing the gravity terms,
B is a n × n constant inertia matrix, D is a n × n matrix modeling viscosity, K is
n × n matrix modeling joint stiffness, q is the n × 1 vector of link joint angles and
θ the n× 1 vector of motor shaft angles. In the model K is considered to be linear
(which holds true assuming small displacements).
The peg-in-hole task consists in inserting a chamfered cylindrical peg in a round
hole. The position and orientation of the hole with respect to the peg are uncertain.
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Figure 4.5: Search and insertion strategy overview: (A) preinsert, (B) start search
phase, (C) continue searching, (D) trying to insert, (E) vibration and compliance
adjust alignment errors, (F) insertion complete
Since the 3D peg-in-hole task requires 5 dof to be executed, but each arm only allows
for a 4 dof manipulation, both arms are used (for a total of 8 dof) to accomplish the
task. The peg and hole are fixed to the structure and maintained by the closed hand
clamps: since the grip is not perfectly rigid, this adds an ulterior layer of compliance
during task execution. The sensory information available in order to resolve the
uncertainties and perform the insertion amounts only to the link positions measured
by low quality potentiometers, this allows to assess the springs deformation, and
consequently the force applied to the end effector, under the assumption that the
motor shaft angle is fixed at the commanded position.
4.2.2 Blind Search using Position Feedback
The parallel manipulator consisting of the two cooperating arms has been treated
as a serial robot as described below.
A search algorithm has been derived in order to resolve uncertainties in the position
of the peg and hole and bring the manipulator in a chamfer cross condition. It is a
blind search with the purpose of resolving uncertainties in the hole position along the
plane normal to the hole axis. For uncertainties along this axis, a biased approach is
used, in that we command a position slightly below the expected chamfer position.
The insertion phase is tackled by implementing a vibration motion in order to avoid
jamming and allowing for bigger orientation uncertainties.
4.2.3 From parallel to serial manipulation
To invert the kinematics and plan the path of the search and insertion tasks, the
parallel manipulation problem has been transformed into an equivalent serial ma-
nipulation by parameterizing the two arms as one serial link, with base reference
frame on the right arm e.e. and end-effector on the original left arm e.e.
In the 8 dof DH table d3 and a8 are arm lengths, d4 and d7 are arm length.
Expressing the manipulator as a 8 dof serial arm allows to easily derive serial ma-
nipulators performance metrics like manipulability ellipsoids. Notice how for both
the search and insertion strategy 5 dof are required, thus requiring both arms to
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Joint a α d θ
1 0 −pi2 0 q1
2 0 pi2 0 q2 +
pi
2
3 0 pi2 −d3 q3 + pi2
4 0 0 d4 q4 − pi2
5 0 pi2 0 q5 + pi
6 0 −pi2 0 q6 − pi2
7 0 pi2 d7 q7 +
pi
2
8 a8 0 0 q8 + pi2
Table 4.2: Denavit Hartenberg serial arms
simultaneously move in a coordinated manner in order to obtain the desired relative
position and orientation.
4.2.4 Search Algorithm
A search path is precomputed using inverse kinematics as defined in the section
above.
The search strategy resembles that of the concentric circles reported in [CB01]. Two
concentric circles of 10 mm and 20 mm radius are sampled each at 8 equidistant
points. The corresponding values for the joint angles are computed via inverse
kinematics and stored in a path file. The overall stored path files contains a first
part where the arms are brought from a rest position into the preinsert position
(peg tip 10 mm above the hole), a search part which contains the 17 points search
path (16 circumference points and one point for the circumference center), and a
final insertion path consisting of 3 points, with the last one corresponding to the
completely inserted peg. All the paths are executed with constant stiffness preset
to the lowest possible value for the VSA-Cube, 3 Nm/rad.
Choosing 20 mm as the larger radius means we can have a maximum ∼30.5 mm
uncertainty in hole placement, where the uncertainty cap is defined by both the
size of the hole crown (having an uncertainty greater than 30.5 mm means going
out of the crown during the search phase) and the search area (while the center
of a 15 mm radius peg explores a 20 mm radius circle, its center touches at least
once the borders of the hole). The search path is executed with a position reference
for the peg 10 mm inside the hole plane along the insertion axis, so that the peg
automatically enters the hole when the two centers happen to be near enough (the
required distance is obviously reduced using the chamfered peg) during the search.
Also, the search path is executed by visiting randomly for a certain time all the 8
points in the inner circumference, plus the center point, and then switching to the
external circumference. Visiting randomly all the circumference points allows for an
exploration of the circle area.
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Figure 4.6: Search and insert flowchart
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Figure 4.8: Insertion check. Legend: A is the z-distance, B is zthrust − zbefore, C
is zbefore, D is zthrust, E is the distance between end effectors, F is the logical
trigger insert_start_trigger which signals the start of the insertion phase. 1 the
robot is in the preinsert position, 2 trying to insert, 3 the insertion phase failed,
search is resumed, 4 a new insertion is tried, 5 the insertion has been succesfully
accomplished, removing peg from hole to return to rest position.
During the search phase, the control state machine randomly tries to insert the peg,
and checks if it is entering the hole.
4.2.5 Insertion
The state machine randomly tries to insert the peg another 10 mm, while executing
a vibration movement. The thrusts are useful under three different aspects.
1. If during the search the peg is partially inside or very near the hole, the
insertion and vibration movement can help the peg insertion.
2. It is a way to resolve orientation errors during the insertion phase, and resolve
a jammed peg condition.
3. It allows to check if the peg is inside the hole, by analyzing the sensor data
against the expected values for bold proof of correct insertion.
The joint positions measurements are used in the forward kinematics equation As
to obtain the cartesian space coordinates of the hole with respect to the peg.
The insertion check is accomplished by checking that the z axis coordinate for the
hole during the insertion are not greater than the threshold thr1, and the same
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coordinate is checked before insertion and during insertion, to see if the difference
between the stored zbefore and the maximum depth reached during thrust zthrust are
greather than the threshold thr2. Both thr1 and thr2 are chosen empirically. If
tcheck seconds after the insertion phase the insertion check fails, the search phase is
resumed, otherwise the insertion continues for a total of tinsert seconds.
With respect to the first two aspects, the choice of the vibration movement is very
important, both for the correction of orientation errors and to overcome the insertion
frictions. Two approaches are analyzed:
1. vibrations caused by noise applied directly on the joint positions on the axes
most relevant to the insertion
2. vibrations in cartesian space along the hole x axis and y axis, where misalign-
ments are the main cause for the peg to get jammed during insertion
It must be noted how the insertion path is precalculated, that means that the
uncertainties regarding the hole position with respect to the peg are not resolved
using sensory data, but only taking advantage of joint elasticity. Once the hole is
found and the uncertainties relative to its expected position are in this way solved,
the insertion tries to proceed as if the hole was in the expected position. It is
also worth mentioning that, even though during the insertion phase the stiffness
preset have been kept constant to the minimum value possible, the insertion causes
a selective stiffness variation along the insertion axis due to the increasing values of
(θ−q) caused by insertion friction and misalignment between the insertion direction
and hole z-axis.
4.3 Experimental Results
Firstly, results from insertions using the LWR III robot in joint stiffness control
mode are provided. The results from this section are directly comparable to the
results obtained by using the LWR in Cartesian impedance control mode. Three
joint stiffness sets will be compared: one stiffness set obtained minimizing the differ-
ences between geometric features of a desired Cartesian stiffness and the congruence
transformation of the joint stiffnesses, one MFAJ-optimal stiffness set and one last
set obtained by manually tuning the values in an “intuitive” way.
Lastly, results from an insertion using real VSA hardware will be provided, by using
a humanoid torso with 4 dof per arm, and performing a bimanual assembly.
4.3.1 Stiffness Minimization Numerical Results
Numerical results for the stiffness optimization criteria presented in sec. 4.1.1 will
be presented for a 2R robot and a 3R robot obtained turning off 4 joints from the
LWR robot and effectively obtaining a planar robot. The details for the 3R robot
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are described in detail in Tab. 4.7, while for the 2R robot the model available in
Peter Corke’s Robotics Toolbox v9.6 has been used, obtained by running the script
mdl_twolink.
4.3.1.1 2R Robot
Figure 4.9: 2R robot configuration
To show the way the elements of the cartesian stiffness matrix change with the
change of the joint stiffness and compliance parameters, the case of a 2R robot can
be analyzed. Considering the robot in Fig. 4.9 in the configuration
q =
[
pi
3 ,
pi
3
]
rad (4.15)
and supposing a joint stiffness limit of
1Nm/rad ≤ kJi ≤ 500Nm/rad (4.16)
or, written as a compliance,
1
500 rad/Nm ≤ cJi ≤ 1 rad/Nm (4.17)
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We will analyze how the Cartesian stiffness obtainable by the robot differs from the
ideal Cartesian stiffness for an insertion task, and how the RCC, or in general the
Center of Compliance changes with the change of the joint stiffnesses.
Considering 4.1, we analyze the Cartesian compliance matrix reshaped as a vector.
We obtain 9 functions 4.18 of which only 6 are unique since CC ∈ R3×3 is symmetric
CC11 = f11 (CJ11 , CJ22)
CC12 = f12 (CJ11 , CJ22)
...
CC33 = f33 (CJ11 , CJ22)
(4.18)
We can then find analogous linear functions for the stiffness matrix KC ∈ R3×3
KC = J(q)†
T
KJJ(q)† (4.19)
we obtain
KC11 = f11 (KJ11 , KJ22)
KC12 = f12 (KJ11 , KJ22)
...
KC33 = f33 (KJ11 , KJ22)
(4.20)
The results for 4.18 are plotted in 4.10a, where the 6 different planes inclinations
vary with the robot configuration, which is considered constant in the plots; the
color of the planes identifies the matrix elements of CC functions of CJ11 and CJ22 .
From the figure it is clear that in this configurations it is not possible to obtain
a diagonal cartesian compliance matrix CˆC . In fact the only case where the off-
diagonal terms are zero is in the banal case where CJ11 and CJ22 both equal 0,
that correspond to the case of a CˆC of all zeros. Obviously this doesn’t mean that
in general we cannot obtain a diagonal compliance matrix, since we could rotate
the reference frame and obtain a diagonal representation of the linear terms in
the compliance matrix: rather, the meaning of the limitation is that compliance
ellipsoid will not be aligned according to our specification. Similar results for 4.20
are obtained taking in account the stiffness matrix, and the corresponding planes are
plotted in 4.10b. It is also obvious how, if the terms of CˆC and KˆC don’t belong to
the planes respectively plotted in 4.10a and 4.10b, we have to resort to compliance
or stiffness optimization to obtain a solution which is as “near” as possible to the
one desired, where a distance metric has to be defined.
Regarding the geometric stiffness optimization introduced in sec. 4.1.1, we wish to
analyze, with the same 2R robot as before and in the same configuration 4.15, how
theCoS positions change with different joint stiffnesses (red surface 4.11b ), how
the stiffness ellipsoid alignment relative to the EE frame x axis changes (yellow
surface), and how, defined a desired Cartesian stiffness KˆC , the weighted Frobe-
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Figure 4.10: Elements of the Cartesian compliance and stiffness matrices
nius norm of the difference between the obtained and desired Cartesian stiffness∥∥∥KˆC −KC(KJ)∥∥∥G
F
varies (cyan surface)
Similar results are plotted in 4.11a, where the CoC position as a function of CJ is
plotted (red surface), the compliance ellipsoid alignment relative to the EE frame
x axis changes (yellow surface), and the weighted Frobenius norm
∥∥∥CˆC − CC(CJ)∥∥∥G
F
(green surface).
We study also how the CoC and the CoS change getting “more distant” to the com-
pliance center specified by a desired Kref, 4.12a and 4.12b respectively. Comparing
the two figures we notice that while the CoC distance varies smoothly with the
KJ , the same can’t be said for the CoS. In 4.12b in fact the distance in Kref, here
remains about 0 for almost all the joint stiffness space.
The CoC distance metric will be used when resorting to geometric stiffness opti-
mization in next section, as the position of the center of compliance can be easily
related to assemblies specifications, where we desire a certain corrective position
accommodation resulting from encountered insertion forces.
4.3.1.2 LWR as a 6R
DH d [m] θ [rad] α [rad] a [m]
1 0.31 qA1 pi2 0
2 0 qA2 + pi2 pi 0
3 0 qA3 + pi2
pi
2 + qE1 0
4 0.48 q4 pi2 0
5 0 q5 −pi2 0
6 0.192 qA6 − pi pi 0
Table 4.3: LWR DH Table, 6 joints model
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Exploiting the previous results on stiffness selection, we show also how to adapt
the minimization algorithms in a general case, with the LWR robot treated as a
6R. In the DH Tab. 4.3 an offset is present on the last joint angle to match the
last frame with the tool center point as set up on the LWR during experiments.
The ideal choice for the Cartesian stiffness at the EE would be high stiffness along
the insertion direction and 0 stiffness along all other directions during the insertion
phase. To have a good conditioning number we chose for the following experiment
the desired Cartesian stiffness matrix
KˆC =

300 0 0 0 0 0
0 300 0 0 0 0
0 0 1000 0 0 0
0 0 0 50 0 0
0 0 0 0 50 0
0 0 0 0 0 50

(4.21)
The range of the controllable join stiffness has been set as 1 rad ≤ kJi ≤ 500 rad.
Minimization of the obtained cartesian stiffness have been performed using the min-
imization 4.5 and 4.9. Various weighting matrices have been used for the weighted
Frobenius norm, of which the most interesting from a theoretical point of view would
be the matrix Wrel which has all elements set as the square of the inverse of the cor-
responding element in KˆC , or a maximum value when the corresponding element in
KˆC equals 0. This would have the advantage of removing dependence from the mea-
surement unit used and give a more meaningful comparison of rotational stiffness
errors and translational stiffness errors, since all would become relative errors with
respect to the desired stiffness values. As experiment show, this approach is purely
numerical and discards the geometric insights we have of the problem, resulting in
generally bad solutions. On the other side, the gains in optimization 4.9 can be
chosen to achieve good results. It should be noted how the weights should be cho-
sen iteratively since they generally should change with the configuration. The most
interesting thing is that, after many tweaks, it is possible to obtain a gain matrix W
with which it is possible to obtain comparable results solving the computationally
easier minimization problem 4.5.
Results of the stiffness optimization W1 from 4.4a are shown in Fig. 4.16.
By looking at the previous results and comparing them to the geometric optimization
results in Fig. 4.18 it is clear how the latter performs best at obtaining the desired
geometric features in the designed EE Cartesian stiffness, as expected.
4.3.2 Stiffness Minimization Experiments
The MFAJ-optimal Cartesian stiffness matrix during a peg in hole task with the
KUKA LWR III have been obtained using Peter Corke’s Robotics Toolbox for Mat-
lab, CVX (Matlab Software for Disciplined Convex Programming) for the convex
84
4.3 Experimental Results
0 5 10 15
−0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
Configuration
Co
S 
di
st
an
ce
 [m
]
 
 
x
y
z
0 5 10 15
0
5
10
15
Configuration [m]
Kj
0 5 10 15
0.2
0.3
0.4
0.5
0.6
Configuration
Co
S 
di
st
an
ce
 n
or
m
 [m
]
0 5 10 15
50
100
150
200
250
300
350
400
450
Configuration
N
or
m
(K
de
s−
Kc
) [m
]
0 5 10 15
0.2
0.4
0.6
0.8
1
Configuration
1−
ab
s(v
d’*
v)
Figure 4.13: Results from optimization problem 4.5, with Frobenius weight Wrel
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
13.832 −0.027443 0.58631 0.070891 4.7532 0.0029212
−0.027443 11.074 0.0080952 −9.2145 0.0087442 2.353
0.58631 0.0080952 10.48 −0.079255 −1.7073 0.0043572
0.070891 −9.2145 −0.079255 50.016 −0.13682 −3.4652
4.7532 0.0087442 −1.7073 −0.13682 2.3158 0.010263
0.0029212 2.353 0.0043572 −3.4652 0.010263 0.99999

Figure 4.14: KC matrix obtained at step 14, results from optimization problem
4.5, with Frobenius weight Wrel

304.83 0.20428 371.21 0.0061688 60.626 0.0029212
0.20428 323.94 −1.1967 −69.286 0.053237 2.353
371.21 −1.1967 998.69 0.16963 69.453 0.0043573
0.0061688 −69.286 0.16963 50.247 −0.11286 −3.4652
60.626 0.053237 69.453 −0.11286 13.043 0.010264
0.0029212 2.353 0.0043573 −3.4652 0.010264 1.0

Figure 4.15: KC matrix obtained at step 15, results from the optimization problem
4.9

11.0 1.0 1.0 1.0 1.0 1.0
1.0 11.0 1.0 1.0 1.0 1.0
1.0 1.0 7.0 1.0 1.0 1.0
1.0 1.0 1.0 6.0 1.0 1.0
1.0 1.0 1.0 1.0 6.0 1.0
1.0 1.0 1.0 1.0 1.0 4.0

γ1 =1.0 γ2 =100000.0 γ3 =10000.0
Table 4.4: Frobenius norm weight W2, γ1, γ2, γ3 aggregate objective function
(a) Frobenius norm weight W1
7.0 1.0 1.0 1.0 1.0 1.0
1.0 7.0 1.0 1.0 1.0 1.0
1.0 1.0 11.0 1.0 1.0 1.0
1.0 1.0 1.0 2.0 1.0 1.0
1.0 1.0 1.0 1.0 2.0 1.0
1.0 1.0 1.0 1.0 1.0 2.0

(b) Frobenius norm weight W2
11.0 1.0 1.0 6.0 6.0 6.0
1.0 11.0 1.0 6.0 6.0 6.0
1.0 1.0 7.0 6.0 6.0 6.0
6.0 6.0 6.0 2.0 1.0 1.0
6.0 6.0 6.0 1.0 2.0 1.0
6.0 6.0 6.0 1.0 1.0 2.0

Table 4.5: weights for stiffness minimization based on minimization of the Frobenius
Norm of the difference between obtained and desired Cartesian stiffness matrix
at the end effector
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Figure 4.16: Results from optimization problem 4.5, with Frobenius weight W1
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
288.8 0.13807 306.25 0.089236 78.805 0.0029212
0.13807 292.77 −0.92486 −63.3 −0.048755 2.353
306.25 −0.92486 992.85 0.056379 38.534 0.0043572
0.089236 −63.3 0.056379 50.164 −0.050566 −3.4652
78.805 −0.048755 38.534 −0.050566 30.75 0.010263
0.0029212 2.353 0.0043572 −3.4652 0.010263 0.99998

Figure 4.17: KC matrix obtained at step 15 - results from optimization problem
4.5, with Frobenius weight W2
minimizations, and fmincon for the nonlinear minimizations. To solve stiffness joint
minimization for the peg in hole problem with the same metrics used in chapter 3
we decided to consider once again the2D insertion problem, in order to obtain re-
sults comparable to the ones obtained with the insertions using the LWR robot in
Cartesian impedance control mode. Using of all the joints of the LWR for a 2D
problem would lead to banal results and the desired KˆC matrix would be always
reached as explained in 1.57 (obviously, where the joint stiffnesses required lay inside
the bounds of admissible stiffnesses). Thus, to prove the results of our minimization
criteria we switch off 4 motors of the robot (A1 E1 A4 A6 in Fig. 4.19), effectively
obtaining a 3 dof robot with kinematics as in Tab. 4.7, where the terms qOi with
i = 1, 2, 3, 4 describe the offsets due to the unused joints. In our case the motors
have been swiched off in a configuration where the terms qOi are all equal to 0.
DH d [m] θ [rad] α [rad] a [m]
1 0.31 qA1 pi2 0
2 0 qA2 −pi2 0
3 0.4 qA3 −pi2 0
4 0 qE1 pi2 0
5 0.39 qA4 pi2 0
6 0 qA5 −pi2 0
7 0.192 qA6 0 0
Table 4.6: KUKA DH Table
DH d [m] θ [rad] α [rad] a [m]
1 0 qA2 + pi2 pi + qO2 0.40
2 0 qA3 pi + qO3 0.39
3 0 qA5 pi + qO4 0.192
Table 4.7: LWR DH Table, 3 joints model
In Fig. 4.20 the robot is shown during the engaging phase, with the z axis of the
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Figure 4.18: Results from the optimization problem 4.9
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Figure 4.19: KUKA LWR III Denavit Hartenberg
end-effector aligning to the hole z axis, 4.20a depicts the 7R robot while 4.20b
shows the equivalent 3R robot.
(a) KUKA LWR III, 7R configuration (b) KUKA LWR III, 3R configuration
Figure 4.20: Preinsertion configuration
The experiments using the Lightweight Robot III robot as a 3R arm with joint stiff-
ness control have been performed according to the same experimental framework as
the Cartesian impedance experiments, with the exception that the displacements are
not chosen randomly but are equispaced in the admissible initial displacement set.
The admissible initial displacement set, in turn, has been evaluated experimentally
since experimental data showed Whitney’s wedging area to be a very conservative
estimate of the admissible displacement set. The same peg and hole were used, and
the same simple engagement and cross chamfer procedure were used. As usual, the
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Figure 4.21: Continuous vs piecewise constant joint stiffness; θ0 = .5°, ε0 = 2.5
mm, dz = 35mm
final commanded position is located at the bottom of the hole. The joint stiffnesses
are calculated oﬄine and switched a fixed number of times during the insertion, so
that the ideal continuous profile of the joint stiffnesses (which is a continuous func-
tion of the robot configuration) is approximated by a constant piecewise function.
The joints stiffness for chamfer cross is calculated at the mouth of the hole and kept
constant during the engagement and cross chamfer phase; as with the experiments
in Cartesian impedance, at 43mm from hole bottom the joint stiffness changes for
the two point contact phase: the stiffness during this phase is computed exactly
at the switching point configuration (assuming perfect insertion, that is no angular
displacement and peg z axis perfectly aligned to that of the hole), and once again
at the bottom of the hole. The reason for this last change is that usually, when the
commanded position reaches the bottom of the hole the actual peg position is still
at a certain distance from it, and changing stiffness can make a difference in the
last part of the insertion. The way this piecewise constant stiffness profile affects
the experiment compared to a continuous stiffness profile is highlighted in Fig. 4.21,
where the stiffness change is shown during an insertion.
The weights used during geometric minimization are reported in Tab. 4.8, and cor-
respond to the components of the objective function as expressed in 4.9
min
KJ
γ0α (KJ) + γ1β (KJ) + γ2δ1 (KJ) + γ3δ2 (KJ)
subject to kminJ < kJi < kmaxJ
Notice that since the insertion experiment is 2 dimensional and being vδ1 ∈ R3 ,
translational and rotational stiffness are improperly compared one against the other
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during the minimization to find the stiffness “directionality” in 3 dimensions: a
weighting matrix should be taken into account the different measurement units, but
in our case we found that using a unitary weighting matrix gave the better results.
During chamfer cross, on the other side, we properly used a vδ2 ∈ R2 and separately
set the desired rotational stiffness to 500Nm/rad.
The suboptimal stiffnesses were obtained by manually choosing the stiffnesses based
on an intuitive and empirical evaluation based on the robot configuration and the
results from the previous geometric stiffness optimization.
Since the optimal stiffness is relevant only during insertion, the chamfer cross stiff-
ness obtained with the geometric optimization are used before two point contact
also for the MFAJ-optimal insertion experiments. The objective function 4.10 in
joint space has been minimized using simulated annealing, and the worst case dis-
placement set has been computed by using θ0 corresponding to the wedging angle
as defined by Whitney.
The numerical results obtained with the different minimizations are shown in Tab. 4.9,
Tab. 4.10, Tab. 4.11.
Experimental results are shown in Fig. 4.22 and Fig. 4.23. The optimal stiffness
shows the better robustness, with practically no jamming in the entire displacement
set. The geometric stiffness shows good performance, while the suboptimal stiffness
is the worst among the three. As in the first run of insertions with the LWR in
Cartesian impedance control mode, the insertion depth curves appear to be cut,
since the initial displacements that geometrically allow for an insertion are sensitive
to errors in position teaching preventing proper chamfer engagement..
4.3.3 Bimanual Assembly Experiment
Simulations of a bimanual assembly have been conducted using ODE (Open Dy-
namics Engine), a quite popular physics engine in the robotics world. The task has
then been executed on the previously introduced QBoid platform.
Peter Corke’s Robotics Toolbox has been used to calculate the preinsert, search
and insert paths using its ikine function, which uses the a pseudoinverse Jacobian
recursive algorithm; initial position for the ikine algorithm has been provided by
manually searching a suitable position considering joint angle limits, arms and body
geometry. As hinted before, the Jacobian used for the inverse kinematics calculation
is a relative Jacobian.
4.3.4 Simulation Environment
An S-Function has been used to simulate the QBoid with ODE inside Matlab. The
motors, elastic transmission and viscosities are simulated using Simulink, together
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Weight Value: ChamferCross
Value:
Insertion Meaning
γ0 0 1
γ0 weights the importance
of the distance from KˆC in
the minimization
γ1 0 8000
γ1 weights the importance
of the CoC stiffness in the
minimization
γ2 0 800
γ2 weights the importance
of the stiffness
directionality along Rd1 in
the minimizazion
γ3 100 0
γ3 weights the importance
of the stiffness
directionality along Rd2 in
the minimizazion
vδ1 -
[
0 1 0
]T we desire a high stiffnessalong the insertion
direction during two point
contact
vδ2
[
0 1
]T -
translational stiffness
should be higher along z
than along y during
chamfer cross
W
0 0 00 0 0
0 0 1
 -
during chamfer cross, we
want the rotational
stiffness about x to be near
to the one specified in KˆC
in value
KˆC
100 0 00 100 0
0 0 500
 - we desire an highrotational stiffness about x
d0 -
[
0 0 0
]T distance of CoC from peg
tip
Table 4.8: Geometric stiffness optimization, weights
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KJ KC
Cross Chamfer at Mouth hole
 1390
1000

 9 183 46183 6566 2438
46 2438 1017

Two Point Contact at Switching
Depth
100013
0

 2870 −3192 1071−3192 3555 −1199
1071 −1199 411

Two Point Contact at Bottom
100014
0

 2211 −3049 854−3049 4210 −1187
854 −1187 341

Table 4.9: Geometric stiffness optimization
KJ KC
Cross Chamfer at Mouth hole
10000
1000

 54 651 55651 11464 2528
55 2528 1019

Two Point Contact at Switching
Depth
10000
0

 41 68 −16468 113 −272
−164 −272 655

Two Point Contact at Bottom
10000
0

 54 77 −18577 109 −262
−185 −262 631

Table 4.10: Suboptimal stiffness
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KJ KC
Two Point Contact at Switching
Depth
322117
47

1567 −846 389−846 2345 −62
389 −62 139

Two Point Contact at Bottom
2153
26

 292 −379 110−379 1564 −23
110 −23 58

Table 4.11: Optimal stiffness optimization
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Figure 4.22: Joint stiffness control, experiments results
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Figure 4.23: Optimal stiffness - objective function 4.10 in joint space, minimized
using simulated annealing, worst case displacement parameters: θ02 = .5°, ε0 = 2.5
mm, dz = 35 mm
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with the motor PD control algorithm with gravity compensation, while the arms, peg
and hole physics are completely simulated inside ODE, where the arms are actuated
by inputting torques as applied by the springs. While more accurate simulations can
be achieved by letting ODE compute only the collision detections and reaction forces
during insertion, using a physics environment for the entire rigid body simulation
allowed us to easily prototype and validate the control scheme later used on the
QBoid. The simulation step time has to be matched inside of Simulink with the one
used inside of ODE, and the ode1 fixed step integration method has been used with
a time step of .001 s.
Parameters for the physic system simulated in ODE match the dynamic model of the
system, where the mass of the motors are 260 g and the viscous friction coefficient
on joint axis is 0.55Nms/rad. The dynamic matrices for the system were obtained
by using the Robotica package for Mathematica by M.Spong and J.Nethery.
Figure 4.24: ODE integration in Simulink
4.3.5 Experiment
The peg-in-hole task consists of inserting a chamfered 29.5mm diameter cylindrical
peg in a 30mm diameter round hole. We assume the height of the peg to be known,
measuring 11.5mm. The hole insertion point is slightly above the arm surface, at
∼10mm above the motor face normal to the EE z axis.
The right arm carries the peg, with the peg symmetry axis aligned with the right
EE x axis, the hole axis aligned to the left EE z axis. The hole is built with a
circular crown of 5mm height and 40 mm radius in order to supply a search plane
in which the peg can wander in search for the hole. The hole center during grip
has a major displacement along the EE x axis (∼ 20mm), while the peg is roughly
aligned with the x axis, with a bigger offsets along the z axis with respect to the
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ideal EE position due to the clamps geometry and depending on the peg radius and
to not perfectly rigid grip.
Regarding the manipulator, both arm and forearm measure 150mm, and motor size
is 55mm.The potentiometers measurements accuracy is below ±5°. This implies
a maximum angular error of 7.2969 deg with respect to the insertion normal, and
lateral maximum errors of 0.0078124 m along the hole x axis, −0.013136 m along
the hole y axis and 0.05667 m along the hole insertion axis. It is evident how the
entity of the maximum errors would require a chamfer of at least 14 mm to perform
a direct insertion without a search phase. Since in our case the chamfer was 5 mm
wide, the blind search phase was necessary. It is also evident how the insertion
direction maximum error of about 6 mm implies that the peg must be already quite
inside the hole to detect a successful insertion. This is the reason we try to perform
insertions during the search phase, as simply crossing the chamfer does not ensure
detection of a successful insertion. Assuming a static friction coefficient between
peg and hole of 0.05 (Acrylonitrile Butadiene Styrene) the wedging angle for this
insertion would be of ∼ 8 deg , which is greater than the maximum angular error.
Initial values for the stiffness matrix K were selected according to the data in the
VSA-Cube datasheet in [CGG+11], selecting the lowest value possible. Some nec-
essary tweaks to the stiffness matrix had to be made due to lower stiffness on worn
out motors. Stiffness values have been corrected with respect to the minimum value
by a simple evaluation of the position errors when commanding link angles. An
analysis of the Cartesian stiffnesses obtained by choosing the lowest possible joint
stiffness for both peg and hole reveal that the CoC are far away from the tip peg
and the mouth hole, as shown in Fig. 4.25 and Tab. 4.12. Since the Cartesian stiff-
nesses for both the right arm and the left arm are very low, and the grippers are
also compliant, this does not constitute a problem since the insertion force needed
at critical depth is very small.
Left Arm Right Arm
dCoC =
 −0.120570.066963
−0.27024
 [m] dCoC =
 −0.132450.1394
0.089311
 [m]
Table 4.12: distance of left arm Coc from mouth hole, distance of right arm CoC
from peg tip
Experiments showed that the search strategy is effective, but slow. Since the points
on the circumference are visited randomly, without remembering the past followed
paths, it can take some time to find the hole for large offsets.
The insert strategy proved to be effective. For both noise model as defined in
sec. 4.2.5, gains for the noise had to be determined: in particular, for the vibrations
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Figure 4.25: CoC position for left arm and right arm
due to a direct change of the commanded joint positions. We empirically found the
joint axis where the vibrations had most effect by making the robot execute a motion
similar to the one a human would perform. Analyzing the variations of the joint
axis read from the potentiometers, we determined the gains vector which determine
the intensity of the vibration on each joint. Vibrations during the insertion caused
the peg to enter even when the search phase was interrupted leaving the peg near
enough the hole. The chosen vibrations had a 1.6Hz frequency and were obtained
commanding the angle displacements
±
[
0 1.86 0 0 2.78 1.86 0.93 0
]
deg
which have to be read from shoulder motor to wrist motor, right arm first.
Insertion detection required the thresholds thr1 and thr2 to be chosen: thr2 had to
be adjusted to the threshold which constitutes an insertion for the biggest peg. Also
the times tcheck and tinsert were determined in the worst case (we try to insert for a
longer time before giving up and continuing with the search).
The experiment shows that when the assumption in the insertion problem are re-
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laxed (the commanded final position is not the bottom of the hole) it is fairly
straightforward to obtain good results with a VSA robot when low stiffnesses can
be achieved, since choosing the smallest stiffnesses possible minimizes the insertion
force at critical depth. Contributing to this effect the nonlinearity of the stiffnesses
makes so that large displacement along the insertion direction automatically increase
the stiffness in that direction, easing insertion and making so that the entity of the
the stiffness along the insertion direction is less critical, thus relaxing the MFAJ
optimality problem.
4.3.6 Force estimation
Plots are provided of force estimates during the task. Data from the experiment with
minimum stiffness presets and from simulation with stiffness set to 3000Nm/rad
are provided. Since no force-torque sensors are present in the QBoid, forces are
calculated using the Spong model equations, considering the springs deformation to
the effects of external forces on joint torques, and consequently to calculate forces
and moments about the end effectors.
τext = M(q)q¨ + C(q, q˙)q˙ + g(q) +K(q − θ) (4.22)
For small spring deformations and assuming the motor controls imposes a constant
θ, the accuracy of the force estimate is dependent on the accuracy of the model.
Comparing the force plots from the simulated insertion and for the estimates of the
forces during the insertion experiments with the QBoid reveals that the force profiles
are qualitatively similar, even if they are not quantitatively reliable, both because of
the large noise on position sensors on the QBoid, and since a scale factor is usually
present in the simulation caused by non ideal simulation parameters.
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Figure 4.26: Forces during the experiment with low stiffness; from t = 9 to t =
14 the first insertion attempt causes the largest forces; the second insertion is
successful, with lower external forces. From left to right, 1) joint torques τext,
2) minimum and maximum value for the joint torques with A = min(τext), B =
max(τext), in the second row 3) forces Fright and 4) moments Mright along the x,
y and z axis and about the EE. reference base for the right arm, and in the last
row the corresponding values 5) Fleft and 6) Mleft for the left arm.
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Figure 4.27: Forces during the simulation with high stiffness A = min(τext), B =
max(τext)
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Developments
No-wedging and no-jamming areas have been taken into account to understand
how to select stiffnesses during assembly for a impedance controlled robot . The
insertion task has been divided into three phases, corresponding to the cross chamfer
phase, one point contact phase and two point contact phase. In particular the
problem of selecting the best stiffness during the two point contact phase has been
tackled, since that results the most critical phase where jamming and wedging can
occur. Experiments have been performed using the Kuka Lightweight Robot in a
2D peg in hole assembly task. While during two point contact it is important to be
stiff along the insertion direction, a correct choice of KY and KC is fundamental.
The best stiffness has been demonstrated to have KY and KC set to the minimum
allowable, as this selection allows for the best robustness to positional errors during
assembly. This selection is demonstrated to be the optimal stiffness when minimizing
the chance of jamming during two point contact. The presented analysis has the
additional advantage of determining bounds for the stiffnesses to respect in order
to perform an insertion while keeping insertion force limited, and in particular it
determines ratios that the rotational, lateral and insertion stiffnesses have to respect
in order to allow for an insertion.
The experiments with the Lightweight Robot highlighted the limitations encountered
while performing assembly tasks with joint torque sensors and no wrist force torque
sensor: greater sensibility can translate in lower forces during assembly and greatest
accuracy for the impedance controller.
The insights acquired during the study of Cartesian stiffness selection during assem-
bly have been extended for use with robots that allow to control decoupled joint
stiffnesses, like the VSA robots. A minimization technique has been proposed that
allows to find joint stiffnesses which correspond to a Cartesian stiffness at the end ef-
fector possessing desired geometric features, and experimental results of an assembly
task using a LWR robot in joint stiffness control have been presented, showing good
results compared to a “intuitive” joint stiffness selection. Numerical results have
been also presented showing the usefulness of the presented stiffness optimization
method compared to traditional Frobenius Norm minimization. A joint stiffness
optimization technique which minimizes the chance of jamming has been finally
developed, and experimental results shows its performance compared to the other
methods. The optimal stiffness found using the presented minimization problem
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performed best than all the others and sets itself as a possible benchmark for other
stiffness optimization solutions for the peg-in-hole problem.
Lastly, a two arms peg-in-hole task has been demonstrated using a humanoid VSA
torso. A simple control algorithm has been chosen, together with a simple search
and insertion strategy. Results have been provided both in simulation and real hard-
ware for the insertion strategy performance and contact forces evaluation, showing
the intrinsic advantages and disadvantages of VSA hardware against impedance
controlled robots.
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